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Abstract
JAY N. IHRY: Toward Realistic Integrable Gauge Theories and
Conformal Gravity in Twistor Strings.
(Under the direction of Louise Dolan.)
This dissertation concerns two topics. We first discuss the Yangian structure of de-
formed integral, four-dimensional N = 4 super Yang-Mills theories using Yangians.
We use twist deformations in the Yangian coproducts, which are known to maintain
the integrable structure. In a five-state subset of states we examine two explicit cases
of deformation resulting in SU(2)×U(1)3 and SU(2|1)×U(1)2, which are subgroups of
the N = 1 residual supersymmetry, PSU(2, 2|1), in the full theory. While the full
PSU(2, 2|4) Yangian structure is manifest in the deformed theory, we show how the
symmetry breaking to N = 1 is produced via twisted coproducts. For the second topic,
we display the vertex operators for all states in the conformal supergravity sector of
twistor string theory. Using canonical quantization of the open string, we compute
N-point tree amplitudes for the supergraviton states. These include amplitudes involv-
ing the ‘dipole’ gravitons, which are not eigenstates of the translation generator. The
conformal gravity amplitudes would be hard to access using conventional field theory
methods.
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Chapter 1
Introduction
This dissertation will cover two main results: Yangians in Deformed Super Yang-Mills
Theories [1] and Conformal Supergravity Tree Amplitudes from Open Twistor String
Theory [2].
With the advent of the correspondence between d-dimensional conformal field the-
ory and Anti-deSitter theories, there has been much interest in conformal field theories.
An interesting group of superconformal gauge theories has arisen from deformed N = 4
super Yang-Mills theories. In the mid 1990’s N = 1 conformal gauge field theories were
constructed by exactly marginal deformations [3]. These N = 1 theories have the same
particle content as the original N = 4 theory. The N = 4 super Yang-Mills theory
was broken to a N = 1 superconformal theory by the addition of a classical marginal
deformation with the superpotential. This is often referred to as a beta deforma-
tion. Lunin and Maldacena imposed this deformation via a Moyal-like star product [4].
They found the gravity dual of this theory through the AdS/CFT correspondence. A
three-parameter family of parameters replacing β was given [5]. Using Bethe ansatz
techniques, it was found in [6]-[9] that the one-loop corrections in the large N limit
of these deformed theories still provided an integrable spin chain Hamiltonian. These
correspond to multi-parameter, N = 1 superconformal theories.
For these theories, amplitudes and finiteness properties have been calculated [10]-
[18]. Some further connections between integrability and deformed theories have been
discussed in [19]-[23].
In Chapter 2 we review beta and more general twist deformations. In Chapter 3 we
discuss N = 1 superconformal theories derived from deformed N = 4 super Yang-Mills
theries. We introduce two explicit examples that will serve as our benchmarks in further
chapters. In Chapter 4 we discuss the algebraic structure of SU(2|3) and its Yangian
extension. In Chapter 5 we examine coproducts and their use in creating multisite
representations of an algebra. In Chapter 6 we give the two-site Hamiltonian as a
quadratic Casimir and discuss the SU(2|3) Yangian symmetry of the undeformed theory
[26]-[30]. We give the Hamiltonian for the deformed theory in this five-field subsector,
in the planar limit, and compute the Yangian generators for various cases including
the Lunin-Maldacena deformation. In Chapter 7, we compute the Yangian twisted
coproducts associated with multiparameter deformations [31, 32]. This structure was
hinted at in [9]. We show that the residual symmetry of the deformed theory continues
to use the standard coproduct while the remaining generators do not. We illustrate
this in two examples by finding residual SU(2)×U(1)3 and SU(2|1)×U(1)2 symmetry,
and discuss how the twisted coproduct is responsible for the smaller symmetry group
of the deformed conformal gauge field theory. Finally, we check the conjecture that the
Yangian symmetry survives for finite gauge coupling, using the one-loop Hamiltonian
and tree level Yangian generators.
In Appendix A we give a single index representation along with the metric and
structure constants for such a representation. In Appendix B we show a double index
representation and derive the Yangian coproduct structure.
In Chapter 8 we move onto the second topic. We pursue the tree amplitudes
for graviton scattering in conformal gravity, described by twistor string theory. The
2
twistor string [33] and its open string formulation [34] describe massless particles of
N = 4 Yang-Mills theory coupled to conformal supergravity [35] in four-dimensional
Minkowski spacetime.
Conformal gravity field theories [36, 37] provided early examples of finite field the-
ories of gravity [38, 39]. They are not unitary theories, but have interesting structure
and continue to provoke comments about possible uses [40]. The equivalence of the
twistor string with this field theory system can be exploited to derive conformal grav-
ity tree level scattering amplitudes hard to access in the field theory. In addition, the
computation of the gravity trees may be useful in decoupling them from the theory.
This would result in a perturbative string theory for super Yang-Mills (with no tower
of massive states), and the computational advantage one hopes for in a string theory
vs. field theory description. Various efforts towards a QCD string are discussed in [41].
We work in a spinor helicity basis [42]-[44], and compare the conformal gravity tree
amplitudes with those of Einstein gravity [45]-[50]. The conformal gravity trees have
fewer poles. We compute the conformal couplings in detail, as they should be important
in further study of the loop calculation [51].
In Chapter 8 we use the twistor string canonical quantization described in [51, 52]
and follow that notation. In Chapter 9, we give the vertex operators for all states
in the conformal supergravity multiplets, as suggested by Berkovits and Witten [35].
These include the dipole states, which form pairs of supergravitons in which one state
in each pair does not diagonalize the translation generators, and is not a momentum
eigenstate.
In Chapter 10, the three-point scattering amplitudes for gluons, gravitons, and
scalars, with both one and two negative helicities, are calculated. We include the
cases for both members of each dipole, and find a delta function derivative appearing
in amplitudes for the members of amplitudes that do not diagonalize the translation
3
generators. These amplitudes still have translation invariance.
In Chapter 11, we extend our results to N -point tree level amplitudes for the diag-
onal states. We reproduce the Berkovits-Witten formula for maximal helicity violating
(MHV) amplitudes for the diagonal states, showing consistency of the canonical ap-
proach and the path integral framework. In Chapter 12, we compute the N -point
conformal gravity MHV tree amplitudes for gravitons, gluons and scalars in the the full
dipole pairs.
Appendix C contains a table of commonly used vertices and should be used as a
reference when calculating tree level amplitudes.
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Chapter 2
Yangians in Deformed Super
Yang-Mills Theories
In 1995 Leigh and Strassler found a method to construct N = 1 superconformal field
theories from N = 4 SYM theories via a marginal deformation, so that it remains con-
formal. This exact marginal deformation, commonly referred to as a beta deformation,
takes the form
W = ihTr [eipiβΦ1Φ2Φ3 − e−ipiβΦ1Φ3Φ2]+ ih′
3
Tr
[
Φ31 + Φ
3
2 + Φ
3
3
]
. (2.1)
The condition for an exact marginal deformation is that the parameters must obey
|h|2
(
1 +
1
N2
(q − q¯)2
)
+ |h′|2N
2 − 4
2N2
= g2, (2.2)
where h, h′, and q = eipiβ are the deformation parameters and g is the Yang-Mills
coupling constant. The large N limit for SU(N) gauge theories simplifies this condition,
and if we set h′ = 0 as is commonly done, then h = g is the requirement for a marginal
deformation. We will consider real β. Lunin and Maldacena imposed this deformation
via a Moyal-like star product [4]
X ? Y ≡ eipiβ(Q1XQ2Y −Q2XQ1Y )XY, (2.3)
where X, Y are fields in the Lagrangian and the Q’s are non R-charge U(1)’s. Frolov
found a three parameter family of theories replacing β with βij. This multiparameter
deformation corresponds to the Lagrangian
L = 1
g2
Tr
[
1
4
F µνFµν +
(
Dµφ¯i
)
(Dµφi)− 1
2
[φi, φj]Cij [φ¯
i, φ¯j]Cij
+
1
4
[φi, φ¯
i][φj, φ¯
j] + λAσ
µDµλ¯
A − i([λ4, λi]B4iφ¯i + [λ¯4, λ¯i]B4iφi)
+
i
2
(ijk[λi, λj]BijΦk + ijk[λ¯
i, λ¯j]Bij Φ¯
k)
]
, (2.4)
where Bij and Cij are related, and describes deformations which generalize γ given in
(2.3). The gauge group is SU(N) and the indices run as 1 ≤ i, j ≤ 3, since the field
content is that of N = 4.
This deformation has been shown to maintain its integrable structure [9]. Therefore
in the planar limit we should be able to examine the spin chain of this system. The
states of spin chains are single trace product of fields, or letters, on a vacuum state. We
can think of the fields as forming a chain of length L, as seen in Figure 2.1. A useful
L1 L!12 3 4 L!2
. . .
Figure 2.1: An open spin chain.
tool in examining the spin chain structure is the Yangian extension of the symmetry
algebra. Since the coproduct of this Hopf algebra can be shown to break the symmetry
6
of the Lagrangian, this process gives a glimpse of exactly how symmetry is broken.
In Chapters 2 - 7 of this dissertation, we calculate the Yangian algebra for this
set of deformed Yang-Mills theories. Since these are N = 1 conformal theories, they
demonstrate how integrability and the Yangian structure can be useful in more realistic
gauge theories.
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Chapter 3
Deformed N = 1 Superconformal
Theories
The superconformal algebra is SU(2, 2|1), with fifteen even generators of the conformal
SU(2, 2) algebra, (Lαβ, L
α˙
β˙, K
αβ˙, Pαβ˙, D); a U(1)R symmetry; and eight supercharges.
Leigh and Strassler found a marginal deformotation of the N = 4 superpotential, which
results in a N = 1 theory. The superpotential of the original theory
W = igTr [Φ1Φ2Φ3 − Φ1Φ3Φ2] , (3.1)
is replaced by the marginal deformation
W = igTr [eipiβΦ1Φ2Φ3 − e−ipiβΦ1Φ3Φ2]− ih′Tr [Φ31 + Φ32 + Φ33] , (3.2)
where the Φi’s are the N = 1 superfields in the adjoint of the gauge group.
Setting h′ = 0, Lunin and Maldacena found that this type of deformation can be
achieved using a Moyal-like star product if we extend the superconformal algebra by
two global U(1)’s with charges (Q1, Q2). These two charges commute with all the
generators of SU(2, 2|1). If we have two fields f and g, their product becomes
f ? g = eipiβ(Q
1
fQ
2
g−Q2fQ1g)fg. (3.3)
Beisert and Roiban generated a Moyal-like star product using the charges of the gen-
erators of the Cartan subalgebra of the SU(4) symmetry C1, C2, and C3. We label them
by (q1, q2, q3), and the product of two fields f and g becomes
f ? g = e
i
2
qf×qgfg. (3.4)
Using the antisymmetric C-product, one can replace the cross-product of the Cartan
charges with
qf × qg = Cab qaf qbg, (3.5)
with the C matrix
C =

0 −γ3 +γ2
+γ3 0 −γ1
−γ2 +γ1 0
 . (3.6)
At this point, all γi are arbitrary, and the deformation is not guaranteed to preserve
superconformal symmetry1. To achieve a deformed N = 1 theory, we restrict our
possible choice of the γi so that the product of Cartan charges returns to the product
of the two global U(1)’s, as in (3.3).
In this paper we consider the finite subset of states of SU(2|3) , in order to simplify
our analysis. The field content is six scalars of the N = 4 multiplet that become three
complex bosons of SU(3), φa = {φ1, φ2, φ3}, and two complex fermions which form
a doublet of SU(2), ψα = {ψ1, ψ2}. Together they make up the five-state subsector,
1But generic γi do preserve integrability [9].
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{φ1, φ2, φ3;ψ1, ψ2}.
We adopt the oscillator formalism as φa = c
†
ac
†
4|0〉 and ψα = a†αc†4|0〉, where the
non-zero (anti)commutation relations are {ca, c†b} = δab and [aα, a†β] = δαβ . We define the
three Cartan charges of SU(4)R as
C1 = −R22 −R33, C2 = −R11 −R33, C3 = −R11 −R22, (3.7)
where Rab are the generators of SU(4) and have the oscillator representation R
a
b =
c†bc
a − 1
4
δab c
†
cc
c, where a, b, c run over four indices. We find the values of the Cartan
charges on our five fields and list them in Table 3.1.
q1 q2 q3
φ1 1 0 0
φ2 0 1 0
φ3 0 0 1
ψ1 12
1
2
1
2
ψ1 12
1
2
1
2
Table 3.1: SU(4) Cartan charges of fields.
In relation to the fields in the Lagrangian (2.4), ΦA → Φab → Φa4 ≡ φa and
λ4α = ψα. We now discuss two choices for the set of parameters γi that lead to N = 1
superconformal theory, which we will call β and δ deformed theories.
3.1 β Deformed Theory
In the paper by Lunin and Maldacena, the deformation from N = 4 to N = 1 is called
the β deformation. The Lagrangian (2.4) preserves two global U(1) transformations,
which we list in Table 3.2.
10
Q1 Q2
φ1, λ1 0 -1
φ2, λ2 1 1
φ3, λ3 -1 0
Aµ, λ4 0 0
Table 3.2: U(1) charges of fields under β deformation.
In terms of the Cartan charges, this deformation corresponds to γ1 = γ2 = γ3 = γ.
The C matrix becomes
C =

0 −γ +γ
+γ 0 −γ
−γ +γ 0
 . (3.8)
The product of fields f and g becomes
f ? g = e−
i
2
γ(q1f q
2
g−q2f q1g)− i2γ(q2f q3g−q3f q2g)− i2γ(q3f q1g−q1f q3g)
= e−
i
2
γ[(q2f−q3f )(q2g−q1g)−(q2f−q1f )(q2g−q3g)]. (3.9)
We identify two U(1)’s based on the Cartan charges, q2 − q3 and q2 − q1. Comparing
these values with those of Table 3.1 and in the star product (3.3), we find
U(1)1 = C2 − C3,
U(1)2 = C2 − C1, (3.10)
where γ = −2piβ. We can identify the SU(2, 2|1)×U(1)×U(1) generators as the fifteen
generators of the conformal group SU(2, 2): Lαβ, L
α˙
β˙, K
αβ˙, Pαβ˙, D; a U(1)R symmetry,
−R11 −R22 −R33; two global U(1)’s, U(1)1 = R22 −R33 and U(1)2 = R22 −R11; and
eight supercharges Q4α, S
α
4, S˙
α˙4, Q˙α˙4.
11
If we were to denote the star product (3.4) for our five-field subsector,
f ? g = eiBabq
a
f q
b
gfg, (3.11)
where f, g = {φ1, φ2, φ3;ψ1ψ2}, then the phase matrix is
B =

0 −γ +γ 0 0
+γ 0 −γ 0 0
−γ +γ 0 0 0
0 0 0 0 0
0 0 0 0 0

. (3.12)
As we shall see later, in this subsector this deformation will leave residual SU(2)×U(1)3
symmetry, a subgroup of SU(2, 2|1)× U(1) × U(1).
3.2 δ Deformed Theory
We now show a different superconformal N = 1 deformed theory, in which we first
choose our phase matrix and then work in reverse to find the corresponding global
U(1) charges. Let us choose the phase elements γ1 = γ2 = −γ3 = γ. The phase matrix
is
C =

0 +γ +γ
−γ 0 −γ
−γ +γ 0
 . (3.13)
The product of fields f and g is
f ? g = e−
i
2
γ(q2f q
1
g−q1f q2g)− i2γ(q3f q1g−q1f q3g)− i2γ(q2f q3g−q3f q2g)fg
= e
i
2
γ((q2f−q1f )(q1g+q3g)−(q1f+q3f )(q2g−q1g))fg (3.14)
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The two U(1)’s are U(1)1 = C2 − C1 and U(1)2 = C1 + C3 and γ = −2piβ. Using
Table 3.1, we find the values of the U(1) charges listed in Table 3.3. The U(1)’s are
Q1 Q2
φ1, λ1 -1 1
φ2, λ2 1 0
φ3, λ3 0 1
Aµ, λ4 0 1
Table 3.3: U(1) charges of fields under δ deformation.
different from the prior case, leading to a different N = 1 theory with two global U(1)’s.
Now we have the fifteen generators of the conformal algebra, Lαβ, L
α˙
β˙, K
αβ˙, Pαβ˙, and
D; a U(1)R symmetry, −R11 − R22 − R44; two global U(1)’s U(1)1 = R22 − R11 and
U(1)2 = R
4
4 − R22; and eight supercharges Q3α, Sα3, Q˙α˙3, S˙α˙3, for a total of eighteen
even and eight odd generators.
If we examine the five field content of the SU(2|3) subsector, the product of two
fields, f and g, appear as (3.11); however, the phase matrix has changed to
B =

0 +γ +γ +γ +γ
−γ 0 −γ −γ −γ
−γ +γ 0 0 0
−γ +γ 0 0 0
−γ +γ 0 0 0

. (3.15)
As we shall see later, this results in a residual SU(2|1)× U(1) × U(1) symmetry to
the SU(2|3) subsector. This has a richer structure than the β-deformed case, after the
restriction to our subsector, since we are left with an unbroken superalgebra.
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Chapter 4
Algebra of the SU(2|3)Subsector
We review the fields of this closed subsector and discuss its symmetry algebra. The five
fields include two complex fermions and three complex bosons; ΦI = {ψ1, ψ2;φ1, φ2, φ3}.
We can express these fields as single particle states,
φa(i)|0〉 = c†a(i)c†4(i)|0〉, ψα(j)|0〉 = a†α(j)c†4(j)|0〉, (4.1)
where 1 ≤ α, β ≤ 2 and 1 ≤ a, b ≤ 3 unless otherwise stated. Site indices i, j run
over the length of the chain; 1 ≤ i, j ≤ L. The oscillator (field), c†4(i), is a remnant
of the full PSU(2, 2|4) theory [24] and is included to ensure the fermionic and bosonic
properties of this oscillator representation. The oscillator commutation relations are
[aα(i), a†β(j)] = δ
α
β δ
i
j, {ca(i), c†b(j)} = δab δij. (4.2)
The twenty-four generators of the SU(2|3) superalgebra have the explicit representation,
at tree level (g = 0),
Rab = c
†
bc
a − 1
3
δab c
†
cc
c, Lαβ = a
†
βa
α − 1
2
δαβa
†
γa
γ,
D = c†cc
c +
3
2
a†γa
γ, Sγc = c
†
ca
γ, Qcγ = a
†
γc
c. (4.3)
4.1 The SU(2|3)Algebra
A single index basis for the symmetry generators of the ordinary SU(2|3) algebra is
given in Appendix A. The symmetry generators for SU(3) and SU(2) carry indices
{1, . . . , 8} and {9, 10, 11}, respectively; the dilation generator has index 12, and the
odd generators are labeled by {13, . . . , 24}. A detailed analysis of the SU(2|3) algebra
and resulting spin chain can be found in [24, 25]. The symmetry generators close the
algebra [
JA, JB
}
= fABCJ
C = fABDgDCJ
C . (4.4)
An explicit list of the structure constants fABC and the metric gAB of SU(2|3) can
be found in Appendix A. This basis allows for a simple presentation of the Yangian
defining relations.
4.2 The SU(2|3)Yangian Algebra
An infinite-dimensional extension of the SU(2|3) algebra, called the Yangian [54, 53],
has a tree level representation in terms of the ordinary generators
QA0 = −fACB
∑
i<j
JB0 (i)J
C
0 (j). (4.5)
This representation takes into account the superalgebra properties of the Lie algebra
[26]. The super Yangian algebra defining relations are
[
JA, JB
}
= fABCJ
C , (4.6)[
JA, QB
}
= fABCQ
C , (4.7)[
Q[A ,
[
QB, J C]
}}
= αfAGDf
BH
Ef
CK
FfGHKJ
{DJEJ F}. (4.8)
15
The last is the Serre relation, which holds because the generators JA are in a cer-
tain representation. The constant α depends on the normalization of the basis. Here
J{DJEJ F} is the totally symmetric product, with an additional minus sign for the
exchange of two odd generators.
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Chapter 5
Coproducts and Multisite
Representations
A coproduct is a holomorphic map ∆ : A → A. This construct establishes a method
of building a two-site representation from a single-site, a three-site from a two-site,
etc. In this paper we use the Yangian algebra of SU(2|3) written as Y( SU(2|3) ). The
definition of the coproduct for the algebraic element JA is
∆JA = JA ⊗ I + I ⊗ JA. (5.1)
In addition, ∆∆ = I and ∆I = I ⊗ I. As this is a coassociative, algebraic structure,
we are given some leeway in the defining of the above. In this chapter we shall use
a subscript to denote the ‘dimension’ or number of sites in a given generator. E.g.
I ⊗ I ⊗ I = I3, where I is the identity.
To get an (n+ 1)-site ordinary generator,
JAn+1 = ∆J
A
n = J
A
1 ⊗ In + I1 ⊗ JAn . (5.2)
Creating a two-site representation from a one-site,
JA2 = ∆J
A
1 = J
A
1 ⊗ I1 + I1 ⊗ JA1
= JA(1) + JA(2). (5.3)
Starting from a single-site representation, we have all one-dimensional elements in our
product. The second line contains the more commonly used JA(i) representation, where
i is the site index. While this is a more comfortable notation, while examining twists
we must use the product structure to get the twists, then we can use resume with the
site index notation.
Building to three-sites, we tensor one-dimensional pieces to two-dimensional pieces
JA3 = ∆J
A
2 = J
A
1 ⊗ I2 + I1 ⊗ JA2
= JA ⊗ I ⊗ I + I ⊗ (JA ⊗ I + I ⊗ JA)
= JA ⊗ I ⊗ I + I ⊗ JA ⊗ I + I ⊗ I ⊗ JA
= JA(1) + JA(2) + JA(3). (5.4)
The L-site representation is built much the same as the above:
JAL+1 = ∆J
A
L = J
A
1 ⊗ IL + I1 ⊗ JAL
= JA ⊗ (I ⊗ · · · ⊗ I) + I ⊗ (JA ⊗ IL−1 + · · ·+ I ⊗ JAL−1)
= JA ⊗ · · · ⊗ I + I ⊗ JA ⊗ · · · ⊗ I + · · ·+ I ⊗ · · · ⊗ JA
= JA(1) + JA(2) + · · ·+ JA(L+ 1). (5.5)
Yangian coproducts require three pieces:
∆QA = QA ⊗ I + I ⊗QA − fACBJB ⊗ JC . (5.6)
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We recognize the third piece as that given in the previous chapter for the two-site
Yangian generator QA2 = −fACBJBJA. In agreement with the ordinary generators, we
tensor one-dimensional to n-dimensional representations to create an (n+1)-dimensional
Yangian representation
QAn+1 = ∆Q
A
n = Q
A
1 ⊗ In + I1 ⊗QAn − fACBJB1 ⊗ JCn . (5.7)
There is no one-site Yangian, QA1 = 0. The two-site Yangian is a simple product of the
final term
QA2 = ∆Q
A
1
= QA1 ⊗ I1 + I1 ⊗QA1 − fACBJB1 ⊗ JC1
= −fACBJB ⊗ JC
= −fACBJB(1)JC(2)
= QA(1, 2). (5.8)
Creating a three-site Yangian,
QA3 = ∆Q
A
2
= I ⊗QA2 − fACBJB1 ⊗ JC2
= I ⊗ (−fACBJB ⊗ JC)− fACBJB ⊗ (JC ⊗ I + I ⊗ JC)
= −fACB
(I ⊗ JB ⊗ JC + JB ⊗ JC ⊗ I + JB ⊗ I ⊗ JC)
= QA(2, 3) +QA(1, 2) +QA(1, 3)
=
∑
1≤i<j≤3
QA(i, j). (5.9)
This fits the structure QA =
∑
i<j Q
A(i, j). And we can create an L-site Yangian
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representation as
QAL+1 = ∆Q
A
L
= I ⊗QAL − fACBJB ⊗ JCL
=
∑
1<i<j
QA(i, j)− fACBJB ⊗
(
JC ⊗ · · · ⊗ I + · · ·+ I ⊗ · · · ⊗ JC)
=
∑
1<i<j
QA(i, j) +QA(1, 2) +QA(1, 3) + · · ·+QA(1, L+ 1)
=
∑
i<j
QA(i, j). (5.10)
We have used a single index basis for the generators; however, we could have used
the equivalent double index counterparts. Later it shall be necessary to to adopt the
double indices, but the mechanics of the construction remain the same.
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Chapter 6
Deforming the Hamiltonian
6.1 The Hamiltonian
A useful feature of this sector is the relationship between the quadratic Casimir and
the two-site Hamiltonian. A Hamiltonian, of generic length L, was found in [24]. The
two-site Hamiltonian is
H(1, 2) =
(
c†a(1)c
†
b(2)− c†b(1)c†a(2)
)
cb(2)ca(1)
+
(
c†a(1)a
†
α(2) + a
†
α(1)c
†
a(2)
)
aα(2)ca(1)
+
(
a†α(1)c
†
a(2) + c
†
a(1)a
†
α(2)
)
ca(2)aα(1)
+
(
a†α(1)a
†
β(2) + a
†
β(1)a
†
α(2)
)
aβ(2)aα(1). (6.1)
One can explicitly check that the Hamiltonian above has two eigenstates with eigen-
values 0 and 2. These correspond to symmetric and antisymmetric two-particle states
and are discussed below.
The two-site quadratic Casimir is the operator gABJ
AJB = gAB(J(1)
A+JA(2))(JB(1)+
JB(2)). And it can be explicitly shown that,
gABJ
AJB = 1
3
D2 + 1
2
LγδL
δ
γ − 12RcdRdc − 12 [Qcγ, Sγc] . (6.2)
The single-site quadratic Casimir acting on any two-particle state |η〉 is zero. So,
gABJ
A(1)JB(1)|η〉 = gABJA(2)JB(2)|η〉 = 0, and the cross term piece is
2gABJ
A(1)JB(2) = H(1, 2), where H(1, 2) is given in (6.1). The two-site Hamiltonian
can be identified with the quadratic Casimir
H(1, 2)|η〉 = gAB[JA(1) + JA(2)][JB(1) + JB(2)]|η〉, (6.3)
when acting on the states. For calculations with Yangians it is useful to use eigenstates
H(1,2) =0
αβ
ab
aβ
ab
aβ
αβ
0 0
u(1)
su(2)
su(3)
supercharges
QA
J
A
Key
H(1,2)=2
Figure 6.1: The eigenstate towers of the Hamiltonian.
of the Hamiltonian. The two-particle eigenstates are symmetric or antisymmetric in
the site indices. We define them as |ΦIΦJ〉± = |ΦI(1)ΦJ(2)〉 ± |ΦI(2)ΦJ(1)〉. The
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explicit representation of the symmetric states is
|ab〉+ = −
(
c†a(1)c
†
b(2) + c
†
b(1)c
†
a(2)
)
c†4(1)c
†
4(2)|0〉,
|aβ〉+ =
(
c†a(1)a
†
β(2)− a†β(1)c†a(2)
)
c†4(1)c
†
4(2)|0〉,
|αβ〉+ =
(
a†α(1)a
†
β(2)− a†β(1)a†α(2)
)
c†4(1)c
†
4(2)|0〉. (6.4)
The representation of the antisymmetric states is
|ab〉− = −
(
c†a(1)c
†
b(2)− c†b(1)c†a(2)
)
c†4(1)c
†
4(2)|0〉,
|aβ〉− =
(
c†a(1)a
†
β(2) + a
†
β(1)c
†
a(2)
)
c†4(1)c
†
4(2)|0〉,
|αβ〉− =
(
a†α(1)a
†
β(2) + a
†
β(1)a
†
α(2)
)
c†4(1)c
†
4(2)|0〉, (6.5)
These two groups, symmetric and antisymmetric, make up two towers. Ordinary sym-
metry generators of SU(2|3), move one up and down in each tower, while Yangian
generators move from one tower to a linear combination in the other.
Commutation of the dilatation operator with the other symmetry generators gives
the anomolous dimension of that operator: [D, JA] = (dimJA)JA. This relation holds
for the Yangian: [D,QA] = (dimJA)QA. Assuming these relations hold to all orders of
the Yang-Mills coupling, as discussed in [28], we expand the operators,
[
D,QA
]
=
[
D0 + g
2
YMD2 +O(g3YM), QA0 + gYMQA1 + g2YMQA2 +O(g3YM)
]
=
[
D0, Q
A
0 + gYMQ
A
1 + g
2
YMQ
A
2
]
+ g2YM
[
D2, Q
A
0
]
+O(g3YM)
= (dimJA)(QA0 + gYMQ
A
1 + g
2
YMQ
A
2 ) + g
2
YM[D2, Q
A
0 ] +O(g3YM). (6.6)
We find that [D2, Q
A
0 ] must be zero. In PSU(2, 2|4), an explicit check of the commutator
gives the lattice derivative or ‘edge effects’ of the system, [D2, Q
A
0 ] = q
A ∼ 0, where
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qA(1, L) = JA(1) − JA(L). Our Yangian in SU(2|3), while not a subalgebra of the
Yangian of PSU(2, 2|4), maintains this relation. To see this we introduce the identity
[
gABJ(1)
AJ(2)B, qC(1, 2)
]
= 4QC(1, 2), (6.7)
where QA(1, 2) is the two-site version of the bare generator QA0 . So we have
1
4
[
H(1, 2), qA(1, 2)
]
= QA(1, 2), and the one-loop calculation becomes
[
H(1, 2),QA(1, 2)
]
=
1
4
(
H(1, 2)2qA(1, 2)− 2H(1, 2)qA(1, 2)H(1, 2) + qA(1, 2)H(1, 2)2) . (6.8)
From Fig. 6.1, we see that the Yangian acting on a tower moves it to the other tower (i.e.
moves a symmetric state to an antisymmetric and vice versa). From (6.7), if the Yangian
produces this type of movement so must the edge effect, qA. Recalling the values un-
der the Hamiltonian of the two-particle states H(1, 2)|Φ1Φ2〉+ = 0, H(1, 2)|Φ1Φ2〉− =
2|Φ1Φ2〉−, we see that the middle term vanishes under both symmetric and antisym-
metric states. We find that
[
H(1, 2), QA(1, 2)
] |Φ1Φ2〉± = qA(1, 2)|Φ1Φ2〉±, (6.9)
which is the two-site version of the edge effect described above in the SU(2|3) sector.
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6.2 The Deformed Hamiltonian
We turn to the twist deformation found in [9]. A second solution to the graded Yang-
Baxter equation for the SU(2|3) sector was given:
R˜ =
1
u+ i
(
ue−iBijIklij + iPklij
)
. (6.10)
This deformed R-matrix is the conventional R-matrix solution to the Yang-Baxter
equation with additional phases. The identity and projection operators are Iklij = δki δlj
and Pklij = δliδkj . The deformed monodromy matrix is defined
T˜ b;β1...βLa;α1...αL = R˜bL−1βLaαL R˜
bL−2βL−1
bL−1αL−1 · · · R˜b1β2b2α2R˜aβ1b1α1 exp
[
ipi
L∑
i=1
i−1∑
j=1
([αi] + [βi])[αj]
]
, (6.11)
where the Z2 graded set of states is denoted by the [αi]. Derived from the trace of
the monodromy matrix, the deformed transfer matrix is T˜ (u) = (−)[a]T˜ aa (u). As in
the normal case, we find that the deformed Hamiltonian is the logarithmic derivative
of the deformed transfer matrix, H˜ = −i
(
T˜ (u∗)
)−1
d
du
T˜ (u)
∣∣∣∣
u=u∗
. This is more closely
examined for two-particle states in the following section.
6.2.1 Deformed Two-Site Hamiltonian
The two-site transfer matrix is T˜ (u) = R˜b1β2aα2 R˜
aβ1
b1α1
exp [ipi([α2] + [β2])[α1]]. Calculating
the Hamiltonian, we find the logarithmic derivative of the deformed transfer matrix
and expand at u∗ = 0,
H˜ = (δβ1α1δβ2α2 − δβ2α1δβ1α2e−iBα1α2)+ (δβ1α1δβ2α2 − δβ2α1δβ1α2e−iBα2α1)
=
(
H˜β1β2α1α2
)
+
(
H˜β2β1α2α1
)
. (6.12)
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We define the deformed two-site Hamiltonians, H˜(1, 2) ≡ H˜β1β2α1α2 and H˜(2, 1) ≡ H˜β2β1α2α1 .
Examining more closely, we see that a phase is obtained under interchange of two fields.
H˜(1, 2) =
(
c†a(1)c
†
b(2)− e−iBabc†b(1)c†a(2)
)
cb(2)ca(1)
+
(
c†a(1)a
†
α(2) + e
−iBaαa†α(1)c
†
a(2)
)
aα(2)ca(1)
+
(
a†α(1)c
†
a(2) + e
−iBαac†a(1)a
†
α(2)
)
ca(2)aα(1)
+
(
a†α(1)a
†
β(2) + e
−iBαβa†β(1)a
†
α(2)
)
aβ(2)aα(1). (6.13)
The antisymmetric matrix BAB is a matrix of phases formed from the charges of the
Cartan generators of the original R symmetry SU(4) and is described in [9],
B =

0 −γ3 +γ2 12 (γ2 − γ3) 12 (γ2 − γ3)
+γ3 0 −γ1 12 (γ3 − γ1) 12 (γ3 − γ1)
−γ2 +γ1 0 12 (γ1 − γ2) 12 (γ1 − γ2)
1
2
(γ3 − γ2) 12 (γ1 − γ3) 12 (γ2 − γ1) 0 0
1
2
(γ3 − γ2) 12 (γ1 − γ3) 12 (γ2 − γ1) 0 0

. (6.14)
The deformation parameters γi are three real constants. The eigenstates of the de-
formed Hamiltonian are
|˜ab〉± = −
(
eiBab/2c†a(1)c
†
b(2)± e−iBab/2c†b(1)c†a(2)
)
c†4(1)c
†
4(2)|0〉,
|˜aβ〉± =
(
eiBaβ/2c†a(1)a
†
β(2)∓ e−iBaβ/2a†β(1)c†a(2)
)
c†4(1)c
†
4(2)|0〉,
|˜αβ〉± =
(
eiBαβ/2a†α(1)a
†
β(2)∓ e−iBαβ/2a†β(1)a†α(2)
)
c†4(1)c
†
4(2)|0〉. (6.15)
As before, they have eigenvalues H˜2|˜+〉 = 0|˜+〉 and H˜2|˜−〉 = 2|˜−〉. Note that special
cases of repeated fields will never receive phase corrections.
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6.2.2 Case 1: β Deformed γ1 = γ2 = γ3
Since we are interested in deformed theories that haveN = 1 superconformal symmetry,
we first examine the case of phase deformations in which all parameters are equal,
γ1 = γ2 = γ3 = γ. The resultant nonzero phases are B13 = B21 = B32 = γ and give a
residual SU(2)×U(1)3 symmetry. This is the beta deformation of Lunin and Maldacena
[4, 9], but restricted to our five field subsector. So the nonzero commutation relations
after deformation are just the SU(2) algebra
[Lαβ, L
γ
δ] = δ
α
δ L
γ
β − δγβLαδ. (6.16)
The three U(1) generators are U1 =
3
4
c†4c
4− 1
4
c†cc
c, U2 = c
†
2c
2−c†3c3, and U3 = c†2c2−c†1c1.
Two-particle eigenstates of the deformed Hamiltonian have a phase on the states with
two SU(3) fields and no phase on any of the additional states.
|˜ab〉± = −
(
eiBab/2c†a(1)c
†
b(2)± e−iBab/2c†b(1)c†a(2)
)
c†4(1)c
†
4(2)|0〉,
|˜aβ〉± =
(
c†a(1)a
†
β(2)∓ a†β(1)c†a(2)
)
c†4(1)c
†
4(2)|0〉,
|˜αβ〉± =
(
a†α(1)a
†
β(2)∓ a†β(1)a†α(2)
)
c†4(1)c
†
4(2)|0〉. (6.17)
If we tried to examine the one-loop quantity [H˜,QA0 ] using the Yangian from the un-
deformed SU(2|3) theory, we would find
[
H˜,QA
]
|˜ab〉± = qA |˜ab〉±,
[
H˜,QA
]
|˜aα〉± = qA |˜aα〉±,[
H˜,QA
]
|˜αβ〉± = qA |˜αβ〉±, (6.18)
only for A = {A|JA ∈ SU(2)× U(1)3}.
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6.2.3 Case 2: δ Deformed γ1 = γ2 = −γ3
Another N = 1 superconformal theory, embedded differently in the original PSU(2, 2|4)
algebra, is given by γ1 = γ2 = −γ3. The nonzero elements of the antisymmetric matrix
are Bab : B12 = B13 = −B23 = γ and Baα : B1α = −B2β = γ.1 The residual
symmetry is SU(2|1)×U(1)2. This symmetry algebra has a richer structure, containing
a superalgebra containing {Lαβ, Q3α, Sα3, R} and the two U(1)’s: R = a†γaγ + 2c†ccc,
U2 = c
†
2c
2− c†1c1, U3 = c†4c4− c†2c2. The nonzero commutation relations for this form of
the embedding are
[Lαβ, Jγ] = δ
α
γ Jβ −
1
2
δαβJγ, [L
α
β, J
γ] = −δγβJα +
1
2
δαβJ
γ,
[R, Sα3] = S
α
3,
[
R,Q3α
]
= −Q3α,
{
Sα3, Q
3
β
}
= Lαβ +
1
2
δαβR. (6.19)
We could again try to compute with the tree level Yangian in the deformed theory;
however we would find that unless we use QA with {A ∈ SU(2|1)×U(1)2} and restrict
to eigenstates whose one particle fields lie in the fundamental representation of the
residual symmetry, the standard form of the tree level Yangian (4.5) is not useful.
Therefore, we look for the appropriate form of the tree level Yangian from the
deformed transfer matrix. In [32], a twisted R-matrix is derived via a Reshetikhin twist
[31], leading to a deformed coproduct. Our deformed R-matrix is a supersymmetric
version of this, as briefly mentioned in [9]. So we will use a twisted coproduct to
compute the tree level Yangian.
1For the remainder of this section, 1 ≤ a, b ≤ 2, 1 ≤ α, β ≤ 2.
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Chapter 7
Twisted Coproducts
We identify the deformed R-matrix in Eq. (6.10) with a multiparameter form [31, 32].
This requires a twisted coproduct on our generators. For an algebra A, a coproduct
is a homomorphic map ∆ : A → A which brings a single site representation into a
double-site representation, a double-site into a triple-site, etc [53, 54]. Here, A is the
Yangian of SU(2|3) . We forego our single index notation because this coproduct is
dependent on the specifics of our generators and is easier to use with double indices.1
The twisted coproduct for the ordinary generators is
∆Rab = Kab ⊗Rab +Rab ⊗Kba,
∆Lαβ = Kαβ ⊗ Lαβ + Lαβ ⊗Kβα,
∆Qcγ = Kcγ ⊗Qcγ +Qcγ ⊗Kγc,
∆Sγc = Kγc ⊗ Sγc + Sγc ⊗Kcγ,
∆D = 1⊗D +D ⊗ 1. (7.1)
As before, 1 ≤ a, b ≤ 3 and 1 ≤ α, β ≤ 2, and now 1 ≤ I, J,K ≤ 5. The twisted
coproducts depend on the antisymmetric parameters αIJ = −αJI which reside in KIJ =
1A brief description can be found in Appendix B.
exp
[
i
2
∑5
K=1 (αIK − αJK)EKK
]
.2 So,
Kab = e
i
2(αaγ−αbγ)Eγγ+ i2 (αac−αbc)Ecc = K−1ba ,
Kαβ = e
i
2(ααγ−αβγ)Eγγ+ i2(ααc−αβc)Ecc = K−1βα ,
Kaα = e
i
2
(αaγ−ααγ)Eγγ+ i2 (αac−ααc)Ecc = K−1αa . (7.2)
The quadratic Casimir of the SU(2|3) algebra with this twisted coproduct is
gAB∆J
A∆JB = 1
3
∆D∆D + 1
2
∆Lγδ∆L
δ
γ − 12∆Rcd∆Rdc − 12 [∆Qcγ,∆Sγc] . (7.3)
When we expand using the above coproducts, it can be shown that the phase contribu-
tions cancel in the single site components of the Casimir. As argued previously, these
components give zero when acting on the states. Just as importantly, if we examine
the cross terms we retrieve the deformed Hamiltonian discussed in the previous section.
So, acting on a two-particle state |η〉,
gAB∆J
A∆JB|η〉 = H˜(1, 2)|η〉, (7.4)
where H˜(1, 2) is given by (6.13) if we relate the deformation parameters with those from
before, αIJ = BIJ . So, the deformed Hamiltonian commutes with all of the ordinary
symmetry generators for arbitrary BIJ :
[H˜(1, 2), JAB(1, 2)] = 0, (7.5)
2Twisted coproducts can be generated from a deforming function, F , such that ∆(F ) = F∆(0)F−1,
where ∆(0) is the standard coproduct [31, 54]. The standard coproduct corresponds to KIJ = 1.
30
where we construct JAB(1, 2) with the coproduct in (7.1). An example two-site gener-
ator is R12
a
b = R(1)
a
bK(2)ba + K(1)abR(2)
a
b. With this information we can begin to
reconstruct the identities associated with the Yangian structure given in the previous
section. To avoid confusion with the supercharge Qaα we shall denote the Yangian gen-
erator QA in double index notation, as JˆAB. Coproducts for twisted Yangian generators
[32, 55] of SU(2|3) take the form
∆Rˆab = Kab ⊗ Rˆab + Rˆab ⊗Kba + 1
2
h (RacKcb ⊗KcaRcb −KacRcb ⊗RacKbc)
+
1
2
h (QaγKγb ⊗KγaSγb +KaγSγb ⊗QaγKbγ)
− 1
6
hδab (Q
c
γKγc ⊗KγcSγc +KcγSγc ⊗QcγKcγ) ,
∆Lˆαβ = Kαβ ⊗ Lˆαβ + Lˆαβ ⊗Kβα + 1
2
h (LαγKγβ ⊗KγαLγβ −KαγLγβ ⊗ LαγKβγ)
+
1
2
h (SαKcβ ⊗KcαQcβ +KαcQcβ ⊗ SαcKβc)
− 1
4
hδαβ (S
γ
cKcγ ⊗KcγQcγ +KγcQcγ ⊗ SγcKγc) ,
∆Qˆaα = Kaα ⊗ Qˆaα + Qˆaα ⊗Kαa + 1
2
h (QaγKγα ⊗KγaLγα −KaγLγα ⊗QaγKαγ)
+
1
2
h (RacKcα ⊗KcaQcα −KacQcα ⊗RacKαc) ,
∆Sˆαa = Kαa ⊗ Sˆαa + Sˆαa ⊗Kaα + 1
2
h (SαcKca ⊗KcaRca −KαcRca ⊗ SαcKac)
+
1
2
h (LαγKγa ⊗KγαSγa −KαγSγa ⊗ LαγKaγ) ,
∆Dˆ = 1⊗ Dˆ + Dˆ ⊗ 1 + 1
4
h (SγcKcγ ⊗KcγQcγ +KγcQcγ ⊗ SγcKγc) . (7.6)
These coproducts are coassociative and quasi-cocommutative [56], and satisfy (4.6)-
(4.8) in the double index basis. In the derivation of the above coproduct for the
deformed SU(2|3) Yangians, we had to respect the even/odd property of the generators
and the traceless condition of the even generators. The parameter h is related to α in
the Serre relation (4.8), see appendix B.
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We can use the twisted identity
[
H˜12, q12
A
B
]
= 8hJˆ12
A
B, (7.7)
where q12
A
B = J
A
B ⊗ KBA − KAB ⊗ JAB, and the Jˆ12 are given by the h dependent
terms in (7.6). For example, the two-site tree level Yangian generator Qˆaα is given by
Qˆ12
a
α =
1
2
h (Q(1)aγK(1)γαK(2)γaL(2)
γ
α −K(1)aγL(1)γαQ(2)aγK(2)αγ)
+
1
2
h (R(1)acK(1)cαK(2)caQ(2)
c
α −K(1)acQ(1)cαR(2)acK(2)αc) . (7.8)
Then on two-sites we can show
[
H˜12, Jˆ12
A
B
]
= 1
2
h q12
A
B, (7.9)
acting on all the eigenstates.
In order to promote (7.5) and (7.9) to L sites, we construct the L-site representation
for JAB and Jˆ
A
B using twisted coproducts with (7.1) and (7.6). We find
[
H˜, JAB
]
= 0, (7.10)
and
[
H˜, JˆAB
]
=
L−1∑
i=1
[
H˜i,i+1, Jˆi,i+1
A
B
]
=
1
2
h
(
J(1)ABK(2)BA · · ·K(L)BA −K(1)AB · · ·K(L− 1)ABJ(L)AB
)
(7.11)
If we examine an infinite length chain, which would resemble the world-sheet of the
dual string theory, we can assume that surface terms at infinity can be dropped [28],
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and in that sense, [H˜, JˆAB] = 0. Thus, following the discussion in section 3, (7.11)
provides a consistency check on the assumption that the SU(2|3) Yangian, with the
twisted coproduct, holds to all orders in the Yang-Mills coupling constant.
Up to this point, the analysis in this section holds for arbitrary, antisymmetric αIJ .
We now illustrate the use of Yangians in these twisted theories in the two cases we
examined earlier, in order to explain the residual symmetries.
7.1 Case 1: β Deformed γ1 = γ2 = γ3
We examine the twisted coproducts of Case 1. Recall that the phase elements have the
property Baα = 0, Bαβ = 0, and the Bab sector contains some non-zero entries. We
explicitly write the coproducts,
Kab = e
i
2
(αac−αbc)Ecc = K−1ba , Kαβ = 1 = K
−1
βα , Kaα = e
i
2
αacEcc = K−1αa . (7.12)
We examine the symmetry after using the twisted coproducts and find that the residual
SU(2)×U(1)3 symmetry corresponds to an undeformed coproduct:
Residual Symmetries Broken Symmetries
∆Lαβ = 1⊗ Lαβ + Lαβ ⊗ 1 ∆Rab = Kab ⊗Rab +Rab ⊗Kba
∆D = 1⊗D +D ⊗ 1 ∆Qcγ = Kcγ ⊗Qcγ +Qcγ ⊗Kγc
∆Rcc = 1⊗Rcc +Rcc ⊗ 1 ∆Sγc = Kγc ⊗ Sγc + Sγc ⊗Kcγ
Table 7.1: Residual and broken symmetries after β deformation.
Using these definitions one could check for the two-particle eigenstates |˜±〉 listed in
a previous section, [
H˜12, Jˆ12
A
B
]
|˜±〉 = 1
2
h q12
A
B |˜±〉. (7.13)
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7.2 Case 2: δ Deformed γ1 = γ2 = −γ3
We consider the richer structure of case 2. From previous sections we saw a residual
SU(2|1)×U(1)2 symmetry. Recall that we have zero phase elements in the sectors
ααβ = α3α = 0. The other phases are α1α = −α2α and α12 = α13 = −α23. In
this section, we label the fields ΦI = {φa, φ3, ψα}, with the indices 1 ≤ a, b ≤ 2 and
1 ≤ α, β ≤ 2. The twisted coproducts, have deformation parameters
Kαβ = 1 = K
−1
βα , K3α = 1 = Kα3, K33 = 1,
Kab = e
i
2
(αaγ−αbγ)Eγγ+ i2 (αa3−αb3)E33+ i2 (αac−αbc)Ecc = K−1ba ,
Ka3 = e
i
2
αaγEγγ+
i
2
αa3E33+
i
2
(αac−α3c)E33 = K−13a ,
Kaα = e
i
2
αaγEγγ+
i
2
(αa3−αα3)E33+ i2 (αac−ααc)Ecc = K−1αa . (7.14)
We apply these parameters and find the residual SU(2|1)×U(1)2 symmetry. Again,
Residual Symmetries Broken Symmetries
∆Lαβ = 1⊗ Lαβ + Lαβ ⊗ 1 ∆Rab = Kab ⊗Rab +Rab ⊗Kba
∆Q3γ = 1⊗Q3γ +Q3γ ⊗ 1 ∆Qcγ = Kcγ ⊗Qcγ +Qcγ ⊗Kγc
∆Sγ3 = 1⊗ Sγ3 + Sγ3 ⊗ 1 ∆Sγc = Kγc ⊗ Sγc + Sγc ⊗Kcγ
∆D = 1⊗D +D ⊗ 1
∆Rcc = 1⊗Rcc +Rcc ⊗ 1
Table 7.2: Residual and broken symmetries after δ deformation.
one could directly compute, using the two-particle eigenstates in a previous section, to
find
[
H˜2, Jˆ
A
B
]
|˜±〉 = q12AB |˜±〉.
In both cases, since the coproducts for the remaining symmetries are non-standard
and contain deformation parameters, these signal broken symmetries in the correspond-
ing deformed gauge field theories.
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Chapter 8
Conformal Supergravity Tree
Amplitudes from Open Twistor
Strings
Twistor space in string theory has received much interest in recent years. In 2004
two equivalent twistor string models emerged. Witten proposed a topological B model
string theory with target space given by the supermanifold CP3|4. Berkovits proposed
an open string version with a first order world-sheet action. The target space of these
theories is related to Penrose’s twistor space CP3 [64]. In four-dimensions we go from
vector to spinor indices as
xaa˙ ≡ xµσµ =
 x0 + x3 x1 − ix2
x1 + ix2 x0 − x3
 , (8.1)
where σµ = (1, σ
i). We can retrieve space time coordinates by xµ = 1
2
Tr
[
σµαα˙x
αα˙
]
. The
space time coordinates are exchanged for two two-spinors (pia, ωa˙),
pia = xaa˙ ωa˙ = x
µσaa˙µ ωa˙ (8.2)
These spinors define complex two-planes in complexified Minkowski space. The wave
function describing states with the position pi, ω in twistor space includes the delta
functions δ(λa(ρ) − pia) and δ(µa˙(ρ) − ωa˙). We do a Fourier transform on ω in the
second delta function, and express it as the exponential, exp[iµa˙(ρ)p¯ia˙], to arrive at the
canonical vertex operators, presented in the next chapter.
We can see from (8.1) that (p0)2 − (~p)2 = det paa˙. For massless particles we can
write
paa˙ = piap¯ia˙. (8.3)
If we have a second vector qaa˙ = µaµ¯a˙, the product of the two vectors p, q becomes
2 p · q = aba˙b˙paa˙qbb˙ = aba˙b˙λaλ¯a˙µbµ¯b˙ = 〈λµ〉 [λ¯ µ¯], where 12 = 1 = −21 = −12 = 21.
The twistor string describes a perturbative N = 4 super Yang-Mills theory. Super-
conformal invariance is manifest and therefore any resulting gravity will be conformal
supergravity. This four-dimensional N = 4 conformally invariant supergravity theory
coupled to N = 4 super Yang-Mills is a finite theory [37]-[39].
The world-sheet fields for twistor string theory are the twistor fields YI , Z
I , 1 ≤ I ≤
8, and the current algebra JA with central charge 28, where A runs over the dimension
of the gauge symmetry group. In addition there are ghost fields b, c, u, v, and world
sheet gauge fields all summarized in [51]. The homogenous coordinates in twistor space
are the fields ZI . They have conformal spin zero and are labeled as ZI = {λa, µa˙, ψm},
where the four boson fields are λa, µa˙, 1 ≤ a, a˙ ≤ 2 and the four fermion fields are ψm,
1 ≤ m ≤ 4. The conjugate variables YI have conformal spin one. We expand the fields
in modes with the form
Ψ(ρ) =
∑
n
Ψnρ
−n−J , (8.4)
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where J is the conformal spin. Therefore, the mode expansion of the twistor fields is
ZI(ρ) =
∑
n
Zn ρ
−n, and YI(ρ) =
∑
n
YI n ρ
−n−1. (8.5)
The nonzero twistor field commutation relations follow from
ZI(ρ)YJ(ζ) =: Z
I(ρ)YJ(ζ) : + δ
I
J(ρ− ζ)−1. (8.6)
In the remaining portion of this dissertation, we concentrate on deriving vertex oper-
ators for the supergravitons and gluons. We then calculate n-point tree amplitudes,
including calculations involving ‘dipole’ graviton states. These states are derived from
the fourth order differential equation for the metric field and are not eigenstates of the
translation generator.
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Chapter 9
Vertex Operators and Canonical
Quantization
9.1 Vertex Operators
The massless states of N = 4 conformal supergravity consist of pairs of graviton super-
multiplets (called dipoles), whose vertex operators are VF (ρ), VF ′(ρ) and VG(ρ), VG′(ρ);
in addition to spin 3/2 supermultiplets, with vertex operators Vf (ρ) and Vg(ρ). Loosely
following the notation of [35], we list them in terms of homogeneous functions f I , gI ,
of ZI in Table 9.1. For each vertex, f I and gI satisfy
∂
∂ZI
f I = 0, ZIgI = 0 (9.1)
to ensure the vertex operators are primary with respect to the U(1) current
J(ρ) = −
∑
I
: YI(ρ)Z
I(ρ) : (9.2)
and the Virasoro current
L(ρ) = −
∑
I
: YI(ρ)Z
I(ρ) : − : u(ρ)v(ρ) : +2 : ∂c(ρ)b(ρ) : − : ∂b(ρ)c(ρ) : +LJ(ρ).
(9.3)
Here LJ(ρ) is the contribution from the current algebra. The vertex operators have
charge zero and conformal dimension one. The primed vertices correspond to states
that do not diagonalize the translation generators [35].
Vertex Operator Helicities
VF (ρ) = f
a˙(Z(ρ))Ya˙(ρ) (2,
3
2
, 1, 1
2
, 0)
VG(ρ) = ga(Z(ρ))∂λ
a(ρ) (0, −1
2
, −1, −3
2
, −2)
VF ′(ρ) = f
a(Z(ρ))Ya(ρ) + fˆ
a˙(Z(ρ))Ya˙(ρ) (2,
3
2
, 1, 1
2
, 0)
VG′(ρ) = ga˙(Z(ρ))∂µ
a˙(ρ) + gˆa(Z(ρ))∂λ
a(ρ) (0, −1
2
, −1, −3
2
, −2)
Vf (ρ) = f
m(Z(ρ))Ym(ρ) + f˜
a˙(Z(ρ))Ya˙(ρ) (
3
2
, 1, 1
2
, 0, −1
2
)
Vg(ρ) = gm(Z(ρ))∂ψ
m(ρ) + g˜a(Z(ρ))∂λ
a(ρ) (1
2
, 0, −1
2
, −1, −3
2
)
V AΦ (ρ) = Vφ(Z(ρ))J
A(ρ) (±1, 4(±1
2
), 6(0))
Table 9.1: Vertex operators and helicities for N = 4 conformal supergravity theory
We will define the homogeneous functions for each vertex operator, and discuss
their properties. The states are labeled by helicities and their representations under
the SU(4) R−symmetry (in bold). As a reminder, we first look at theN = 4 Yang-Mills
gluon vertex,
V AΦ (ρ) = Vφ(Z(ρ))J
A(ρ) (9.4)
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with
Vφ(Z(ρ)) =
∫
dk
k
2∏
a=1
δ(kλa(ρ)− pia)eikp¯ib˙µb˙(ρ)
×
[
A1 + kψ
bAb +
k2
2
ψbψcAbc +
k3
3!
ψbψcψdAbcd + k
4ψ1ψ2ψ3ψ4A−1
]
=
1
(pi1)2
δ
(
λ2(ρ)
λ1(ρ)
− pi
2
pi1
)
exp
{
i
µb˙(ρ)p¯ib˙pi
1
λ1(ρ)
}
×
[
A+ +
pi1
λ1(ρ)
ψbAb +
(
pi1
λ1(ρ)
)2
1
2
ψbψcAbc
+
(
pi1
λ1(ρ)
)3
1
3!
ψbψcψdAbcd +
(
pi1
λ1(ρ)
)4
ψ1ψ2ψ3ψ4A−
]
(9.5)
where ψb ≡ ψb(ρ) and b, c, d are summed over. With use of the delta function δ(kλ1(ρ)−
pi1) to perform the k-integration, this becomes the vertex used by Berkovits and Witten,
except that they omit the Ab, Abc, and Abcd terms [51, 34, 58, 35]. In that form, it
is easy to see that the vertex operator Vφ(Z
I(ρ)) is homogeneous in ZI(ρ) of degree
p = 0. (A function homogeneous in Z of degree p satisfies f(kZ) = kpf(Z), so it
has U(1) charge p.) For the scaling pia → κpia, p¯ia → κ−1p¯ia, each helicity component
scales as κ−2h where h is the helicity of the state in Minkowski spacetime [35]. Thus
Vφ(Z(ρ)) describes the super gluon helicity states (1,1), (
1
2
, 4¯), (0, 6), (−1
2
,4), (−1,1).
The spinor helicity variables pia, p¯ia˙ are related to massless four-dimensional momentum
paa˙ = piap¯ia˙.
F Vertices
For the conformal supergravity states, the vertex operator for the helicity states
(2,1), (3
2
, 4¯), (1,6), (1
2
,4), (0,1) is given by
VF (ρ) = f
a˙(Z(ρ))Ya˙(ρ) (9.6)
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with
f a˙(Z(ρ)) = i
∫
dk
k2
p¯ia˙
2∏
a=1
δ(kλa(ρ)− pia)eikp¯ib˙µb˙(ρ)
×
[
e2 + kψ
bη 3
2
b +
k2
2
ψbψcT1bc +
k3
3!
ψbψcψdΛ 1
2
bcd + k
4ψ1ψ2ψ3ψ4C¯0
]
.(9.7)
The function f a˙(ZI(ρ)) is homogeneous in ZI(ρ) of degree 1. The highest component
(which is proportional to e2) scales as κ
−4 with pia and p¯ia, to describe helicity 2. As
required by the primary field conditions, ∂
∂µa˙(ρ)
f a˙(Z(ρ)) = 0, since p¯ia˙p¯i
a˙ = 0. These
vertices correspond to plane wave states and diagonalize the translation generators.
Together with the F ′ vertices they comprise a dipole pair [35].
F ′ Vertices
The vertex operator for a second set of states (2,1), (3
2
, 4¯), (1,6), (1
2
,4), (0,1) is
VF ′(ρ) =: f
a(Z(ρ))Ya(ρ) : + : fˆ
a˙(Z(ρ))Ya˙(ρ) : (9.8)
with
fa(Z(ρ)) = s¯a
∫
dk
k2
2∏
a=1
δ(kλa(ρ)− pia)eikp¯ib˙µb˙(ρ)
×
[
e′2 + kψ
bη′3
2
b
+
k2
2
ψbψcT ′1bc +
k3
3!
ψbψcψdΛ′1
2
bcd
+ k4ψ1ψ2ψ3ψ4C¯ ′0
]
(9.9)
and
fˆ a˙(Z(ρ)) = −isa˙s¯e
∫
dk
k3
∂
∂λe(ρ)
2∏
a=1
δ(kλa(ρ)− pia)eikp¯ib˙µb˙(ρ)
×
[
e′2 + kψ
bη′3
2
b
+
k2
2
ψbψcT ′1bc +
k3
3!
ψbψcψdΛ′1
2
bcd
+ k4ψ1ψ2ψ3ψ4C¯ ′0
]
(9.10)
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chosen to satisfy the volume preserving condition ∂
∂λa(ρ)
fa(Z(ρ)) + ∂
∂µa˙(ρ)
fˆ a˙(Z(ρ)) = 0.
The spinors sa˙ and s¯a are defined such that pi
as¯a = 1 and p¯i
a˙sa˙ = 1. These states are
not eigenstates of the momentum operator, as we discuss in (10.45).
G Vertices
Conformal supergravity states with the opposite helicities and conjugate SU(4)
representations, (0,1), (−1
2
, 4¯), (−1,6), (−3
2
,4), (−2,1) are described by
VG(ρ) = ga(Z(ρ)) ∂λ
a(ρ) (9.11)
with
ga(Z(ρ)) =
∫
dk k λa(ρ)
2∏
a=1
δ(kλa(ρ)− pia)eikp¯ib˙µb˙(ρ)
×
[
C0 + kψ
bΛ− 1
2
b +
k2
2
ψbψcT−1bc +
k3
3!
ψbψcψdη− 3
2
bcd + k
4ψ1ψ2ψ3ψ4e−2
]
.(9.12)
ga(Z
J(ρ)) is homogeneous in ZJ(ρ) of degree −1. The highest component (proportional
to C) scales with pia and p¯ia as κ0 for zero helicity. Also, λa(ρ)ga(Z(ρ)) = 0. These are
momentum eigenstates, and form a dipole pair with the G′ vertices.
G′ Vertices
The final states that do not diagonalize the translation generators form a second
set of states (0,1), (−1
2
, 4¯), (−1,6), (−3
2
,4), (−2,1) and correspond to
VG′(ρ) = ga˙(Z(ρ)) ∂µ
a˙(ρ) + gˆa(Z(ρ)) ∂λ
a(ρ) (9.13)
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with
ga˙(Z(ρ)) = isa˙
∫
dk
2∏
a=1
δ(kλa(ρ)− pia)eikp¯ib˙µb˙(ρ)
×
[
C ′0 + kψ
bΛ′− 1
2
b
+
k2
2
ψbψcT ′−1bc +
k3
3!
ψbψcψdη′− 3
2
bcd
+ k4ψ1ψ2ψ3ψ4e′−2
]
(9.14)
and
gˆa(Z(ρ)) = −is¯asa˙µa˙(ρ)
∫
dk k
2∏
a=1
δ(kλa(ρ)− pia)eikp¯ib˙µb˙(ρ)
×
[
C ′0 + kψ
bΛ′− 1
2
b
+
k2
2
ψbψcT ′−1bc +
k3
3!
ψbψcψdη′− 3
2
bcd
+ k4ψ1ψ2ψ3ψ4e′−2
]
(9.15)
with µa˙(ρ)ga˙(Z(ρ)) + λ
a(ρ)gˆa(Z(ρ)) = 0.
f Vertices
The vertex operator for the plane wave states with quantum numbers
(3
2
,4), (1,15⊕ 1), (1
2
, 20⊕ 4¯), (0,10⊕ 6), (−1
2
,4) is
Vf (ρ) = f
m (Z(ρ))Ym(ρ) + f˜
a˙ (Z(ρ))Ya˙(ρ) (9.16)
with
fm(Z(ρ)) =
∫
dk
k2
2∏
a=1
δ(kλa(ρ)− pia)eikp¯ib˙µb˙(ρ)
×
[
Em3
2
+ kψbEm1b +
k2
2
ψbψcEm1
2
bc
+
k3
3!
ψbψcψdEm0bcd + k
4ψ1ψ2ψ3ψ4Em− 1
2
]
(9.17)
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and
f˜ a˙(Z(ρ)) = −isa˙
∫
dk
k2
2∏
a=1
δ(kλa(ρ)− pia)eikp¯ib˙µb˙(ρ)
×
[
Em1m + kψ
cEm1
2
mc
+
k2
2
ψcψdEm0mcd +
k3
3!
ψbψcψdmbcdE
m
− 1
2
]
(9.18)
so that ∂
∂ψm(ρ)
fm(Z(ρ))+ ∂
∂µa˙(ρ)
f˜ a˙(Z(ρ)) = 0, fm(Z(ρ) and f˜ a˙(Z(ρ)) have degree 1, and
the leading components scale as κ−3 and κ−2 respectively.
g Vertices
The vertex operator for states with the opposite helicities and conjugate SU(4)
representations, (1
2
, 4¯), (0,10⊕ 6), (−1
2
, 20⊕ 4), (−1,1⊕ 15), (−3
2
, 4¯) is
Vg(ρ) = gm (Z(ρ)) ∂ψ
m(ρ) + g˜a (Z(ρ)) ∂λ
a(ρ) (9.19)
with
gm(Z(ρ)) =
∫
dk
2∏
a=1
δ(kλa(ρ)− pia)eikp¯ib˙µb˙(ρ)
[
E¯ 1
2
m + kψ
bE¯0mb
+
k2
2
ψbψcE¯− 1
2
mbc +
k3
3!
ψbψcψdE¯−1mbcd + k4ψ1ψ2ψ3ψ4E¯− 3
2
m
]
(9.20)
and
g˜a(Z(ρ)) = s¯a
∫
dk k
2∏
a=1
δ(kλa(ρ)− pia)eikp¯ib˙µb˙(ρ)
× ψm
[
E¯ 1
2
m + kψ
bE¯0mb +
k2
2
ψbψcE¯− 1
2
mbc +
k3
3!
ψbψcψdE¯−1mbcd
]
(9.21)
where ψm(ρ)gm(Z(ρ)) + λ
a(ρ)g˜a(Z(ρ)) = 0. To obtain g˜a(Z(ρ)), we use pi
as¯a = 1 which
can be written as pi1
λ1(ρ)
λa(ρ)s¯a = 1 on the support of the delta function δ
(
λ2(ρ)
λ1(ρ)
− pi2
pi1
)
.
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9.2 Norm of the States
We can check that the norms of the one-particle graviton and scalar states are zero.
The physical states corresponding to the vertex operators are shown in Table 9.2, where
VF f
a˙(Z0)Ya˙(−1)|0〉
VG ga(Z0)λ
a
(−1)|0〉
VF ′
(
fa(Z0)Ya(−1) + fˆ a˙(Z0)Ya˙(−1)
)
|0〉
VG′
(
ga˙(Z0)µ
a˙
(−1) + gˆa(Z0)λ
a
(−1)
)
|0〉
Vf
(
fm(Z0)Ym(−1) + f˜ a˙(Z0)Ya˙(−1)
)
|0〉
Vg
(
gm(Z0)ψ
m
(−1) + g˜a(Z0)λ
a
(−1)
)
|0〉
V AΦ Vφ(Z0)J
A
(−1)|0〉
Table 9.2: One particle states
the mode expansion for the twistor fields is ZI(ρ) =
∑
n Z
I
nρ
−n, YJ(ρ) =
∑
n YJnρ
−n−1,
and the modes annihilating the vacuum are ZIn|0〉 = 0, n ≥ 1, and YnI |0〉 = 0, n ≥ 0.
The canonical commutation relations are
[
ZIn, YJm
]
= δIJ δn,−m, (9.22)
and the hermitian conjugates [51] are (ZIn)
† = ZI−n, for 1 ≤ I ≤ 8; and (Y Jn )† = −Y J−n,
for 1 ≤ J ≤ 4; and (Y Jn )† = Y J−n, for 5 ≤ J ≤ 8.
We compute the norms as follows. For example, for VF ,
||f a˙(Z0)Ya˙ (−1)|0〉|| = −〈0|Yb˙ (1)(f b˙(Z0))∗f a˙(Z0)Ya˙ (−1)|0〉 = 0 (9.23)
since ZI0 and YJ(−1) commute, and the YJ(−1) acting to the left annihilate the vacuum.
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For VF ′ ,
||(fa(Z0)Ya(−1) + fˆ a˙(Z0)Ya˙(−1))|0〉||
= 〈0|(Yb˙(1)(fˆ b˙(Z0))∗ + Yb(1)(f b(Z0)∗)(fa(Z0)Ya(−1) + fˆ a˙(Z0)Ya˙(−1))|0〉 = 0.(9.24)
Similarly, the norms for the states VG, VG′ , Vf , Vg all vanish, since they involve different
Y and Z modes and thus commute, allowing the negative Y modes to annihilate the
left vacuum. In contrast, the gluon norm is positive,
||Vφ(Z0)JA−1|0〉|| = 〈0|JA1 V ∗φ (Z0)Vφ(Z0)JA−1|0〉
= 〈0|JA1 JA−1|0〉
∫
dZ0|Vφ(Z0)|2 = k
∫
dZ0|Vφ(Z0)|2 > 0, (9.25)
where k is the level of the current algebra, JAn J
B
m = if
AB
CJ
C
n+m + knδn,−mδ
AB.
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Chapter 10
Three Point Couplings
In this section, we compute non-vanishing three-point amplitudes for the gravitons,
scalars, and gluons in the VF , VG and VΦ vertices using canonical quantization, and
then extend these to the corresponding states in the primed vertices VF ′ , and VG′ . We
have relabeled this subset of vertex operators for positive and negative helicity states
in Table C.1. (It will be convenient to consider the scalars C¯, C¯ ′ as negative helicity,
and C,C ′ as positive helicity, when computing amplitudes, as in [35].) Amplitudes for
other states can be calculated with similar ease.
Scattering amplitudes in twistor string theory receive contributions from the various
instanton sectors, which are due to world sheet gauge fields [33, 34]. Amplitudes with
the number of negative helicity states equal to d + 1− ` are computed with instanton
number d, where ` is the number of loops. For tree amplitudes, ` = 0. We compute
the N -point tree as [51]
〈V1(ρ1)V2(ρ2) . . . VN(ρN)〉tree =
∫
〈0|edq0V1(ρ1)V2(ρ2) · · ·VN(ρN)|0〉
N∏
r=1
dρr/dγMdγS
(10.1)
where dγM is the invariant measure of the Mobius group, and dγS is the invariant
measure of the scaling group. q0 is the conjugate zero mode of the U(1) current and
commutes with field modes as Y In−de
dq0 = edq0Y In and Z
I
n+de
dq0 = edq0ZIn.
10.1 Unprimed Couplings
Using the canonical methods of [51], we compute the non-vanishing three-point tree
amplitudes that come from the degree one curves as follows.
〈AA1−1(ρ1)AA2−1(ρ2)C(ρ3)〉tree =
∫
〈0|eq0AA1−1(ρ1)AA2−1(ρ2)C(ρ3)|0〉
3∏
r=1
dρr/dγMdγS
=
∫ 3∏
r=1
dkr
3∏
r=1
krλa(ρ3)∂λ
a(ρ3)
∏
r,a
δ(pir
a − krλa(ρr))(ρ1 − ρ2)4(k1k2)2
× 〈ei
P3
r=1 krp¯irb˙µ
b˙(ρr)〉
∏
a
d2λa
∏
r
dρr/dγMdγS
× 〈JA1(ρ1)JA2(ρ2)〉A−1(1)A−1(2)C0(3), (10.2)
where we find the expectation of the current to be [59]
〈JA1(ρ1)JA2(ρ2)〉 = δ
A1A2
(ρ1 − ρ2)(ρ2 − ρ1) . (10.3)
In d = 1, we replace ZI(ρ) with ZI0 + ρZ
I
−1, and we find
λa(ρ) ∂λ
a(ρ) = (detλ), (10.4)
and
〈0|eq0ei
P3
r=1 krp¯irb˙µ
b˙(ρr)|0〉 = δ2(Σrkrp¯irb˙)δ2(Σrρrkrp¯irb˙), (10.5)
with (detλ) = λ10λ
2
−1 − λ20λ1−1. Next we integrate over kr using the delta functions
δ(pir
1 − krλ1(ρr)). We then use the identity
δ2
(∑
r
pir
1p¯irb˙
λ1(ρr)
)
δ2
(∑
r
ρr
pir
1p¯irb˙
λ1(ρr)
)
= (detλ)2 δ4(Σrpir
ap¯irb˙). (10.6)
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For the remainder of this chapter, we use the notation δ4(Σrpir
ap¯irb˙) = δ
4(Σrpirp¯ir). The
amplitude is now
〈AA1−1(ρ1)AA2−1(ρ2)C(ρ3)〉tree
=
∫ ∏
r
pir
1
(λ1(ρr))2
∏
r
δ
(
pir
2 − λ
2(ρr)
λ1(ρr)
pir
1
)
(ρ1 − ρ2)2
(
pi1
1pi2
1
λ1(ρ1)λ1(ρ2)
)2
(detλ)3
× δ4(Σrpirp¯ir)
∏
a
d2λa
∏
r
dρr/dγMdγS
[−δA1A2A−1(1)A−1(2)C0(3)] . (10.7)
The invariant measures of the above amplitude dγM and dγS are the Mobius invariance
of SL(2,R) and a scaling invariance. As the above amplitude is dependent only on the
twistor fields λa(ρ) the scale invariance manifests itself as
λa(ρ) −→ λa′(ρ) = αλa(ρ), (10.8)
where α is some constant. It is easy to see that under this transformation
2∏
a=1
d2λa −→
2∏
a=1
d2λa′ = α4
2∏
a=1
d2λa, (10.9)
and
detλ −→ detλ′ = α2 detλ. (10.10)
Careful counting of α gives ten inverse factors of α from the inverse λ1(ρ)’s, six factors
from (detλ)3, and four factors from d2λa. And as all the factors cancel the above is
scale invariant.
The above amplitude is also SL(2,R) invariant, that is
ρ −→ ρ′ = a ρ+ b
c ρ+ d
, (10.11)
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with a, b, c, d ∈ R and a d− b c 6= 0. Under this transformation, the measure
dρ′ =
(a d− b c)
(c ρ+ d)2
dρ, (10.12)
and
ρ′i − ρ′j =
(a d− b c)
(c ρi + d)(c ρj + d)
(ρi − ρj) . (10.13)
The twistor fields λa(ρ) transform as λa(ρ)→ λa(ρ′). We express these fields λa(ρ′) in
terms of a new twistor field λ˜a with the old variable ρ
λa(ρ) −→ λa(ρ′) = λa0 + ρ′λa−1
= λa0 +
(
a ρ+ b
c ρ+ d
)
λa−1
=
1
c ρ+ d
[(dλa0 + bλ
a
−1) + ρ(cλ
a
0 + aλ
a
−1)]
=
1
c ρ+ d
[λ˜a0 + ρ λ˜
a
−1] =
1
c ρ+ d
λ˜a(ρ). (10.14)
Where we have defined λ˜a0 = dλ
a
0 + bλ
a
−1 and λ˜
a
−1 = cλ
a
0 + aλ
a
−1. We express detλ in
terms of the new fields
detλ =
1
(a d− b c)2 det λ˜. (10.15)
Under this exchange of fields d2λa = J d2λ˜a, and the Jacobian is
J =
∣∣∣∣∣∂λ˜am∂λbn
∣∣∣∣∣ =
∣∣∣∣∣∣∣∣∣∣∣∣∣
d b 0 0
c a 0 0
0 0 d b
0 0 c a
∣∣∣∣∣∣∣∣∣∣∣∣∣
= (a d− b c)2. (10.16)
The SL(2,R) invariance now expresses itself completely as λa → λ˜a, and we rewrite
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the amplitude in terms of the original variable, ρ, and this new twistor field, λ˜a. The
progression of the invariance on the amplitude goes as
∫ ∏
r
pir
1
(λ1(ρr))2
∏
r
δ
(
pir
2 − λ
2(ρr)
λ1(ρr)
pir
1
)
(ρ1 − ρ2)2
(
pi1
1pi2
1
λ1(ρ1)λ1(ρ2)
)2
× (detλ)3 δ4(Σrpirp¯ir)
∏
a
d2λa
∏
r
dρr/dγMdγS
[−δA1A2A−1(1)A−1(2)C0(3)]
−→
∫ ∏
r
pir
1
(λ1(ρ′r))2
∏
r
δ
(
pir
2 − λ
2(ρ′r)
λ1(ρ′r)
pir
1
)
(ρ′1 − ρ′2)2
(
pi1
1pi2
1
λ1(ρ′1)λ1(ρ
′
2)
)2
× (detλ)3 δ4(Σrpirp¯ir)
∏
a
d2λa
∏
r
dρ′r/dγMdγS
[−δA1A2A−1(1)A−1(2)C0(3)]
=
∫ ∏
r
pir
1
(λ˜1(ρr))2
∏
r
δ
(
pir
2 − λ˜
2(ρr)
λ˜1(ρr)
pir
1
)
(ρ1 − ρ2)2
(
pi1
1pi2
1
λ˜1(ρ1)λ˜1(ρ2)
)2
× (det λ˜)3 δ4(Σrpirp¯ir)
∏
a
d2λ˜a
∏
r
dρr/dγMdγS
[−δA1A2A−1(1)A−1(2)C0(3)] .
(10.17)
As we see, the amplitude is SL(2,R) invariant. And, the invariant measures can be
expressed as
∏
a d
2λa/(detλ)2 = dγMdγS.
We continue the calculation of the amplitude (10.7) by making the change of vari-
ables ζr = λ
2(ρr)/λ
1(ρr). Under this change,
dζr =
detλ
(λ1(ρr))2
dρr, (10.18)
and
ζi − ζj = detλ
λ1(ρi)λ1(ρj)
(ρi − ρj) . (10.19)
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We make the change of variables to ζ’s and integrate
〈AA1−1(ρ1)AA2−1(ρ2)C(ρ3)〉tree
=
∫ ∏
r
pir
1
∏
r
δ
(
pir
2 − ζrpir1
)(pi11pi21(ζ1 − ζ2)
detλ
)2
× δ4(Σrpirp¯ir)
∏
a
d2λa
∏
r
dζr/dγMdγS
[−δA1A2A−1(1)A−1(2)C0(3)]
= −δA1A2〈12〉2δ4(Σrpirp¯ir)A−1(1)A−1(2)C0(3). (10.20)
The gluon polarizations are given by −r = A−1(r)pirasra˙ and 
+
r = A1(r)s¯rap¯ira˙ . We use
momentum conservation and thus ssb˙
∑
r pi
b
rp¯i
b˙
r = 0 to find s1b˙p¯i
b˙
2 =
〈31〉
〈23〉 and s2b˙p¯i
b˙
1 =
〈23〉
〈31〉 ,
so that −1 ·p2 −2 ·p1 = −〈12〉2 A−1(1)A−1(2), with 〈rs〉 = pirapias and [rs] = p¯ira˙p¯ia˙. We can
set the scalar wave function C0(3) = 1. Returning to the amplitude (10.2), we calculate
the result,
〈AA1−1(ρ1)AA2−1(ρ2)C(ρ3)〉tree = −1 · p2 −2 · p1 δ4(Σpirp¯ir) δA1A2C0(3). (10.21)
We use the same method for calculating all subsequent d = 1 n-point trees, as we shall
see in the following chapter. Subsequent unprimed three-point MHV amplitudes follow
the same basic strategy, and will be shortened for brevity.
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For two gluons and a graviton (φφG),
〈AA11 (ρ1)AA2−1(ρ2)e−2(ρ3)〉tree =
∫
〈0|eq0AA11 (ρ1)AA2−1(ρ2)e−2(ρ3)|0〉
3∏
r=1
dρr/dγMdγS
= −
∫ 3∏
r=1
dkr
3∏
r=1
kr λa(ρ3)∂λ
a(ρ3)
∏
r,a
δ(pir
a − krλa(ρr)) (ρ2 − ρ3)4(k2k3)4
× 〈0|eq0e
P3
r=1 ikrp¯irb˙µ
b˙(ρr)|0〉
∏
a
d2λa
∏
r
dρr/dγSdγM
(
δA1A2A1(1)A−1(2)e−2(3)
(ρ1 − ρ2)2(k1k2)2
)
= −δ4(Σpirp¯ir)
∫ 3∏
r=1
dζr
3∏
r=1
pi1r δ(pi
2
r − ζrpi1r)(ζ2 − ζ3)4(pi12pi13)4(ζ1 − ζ2)−2(pi11pi12)−2
× δA1A2A1(1)A−1(2)e−2(3)
= −δ4(Σpirp¯ir) 〈23〉
4
〈12〉2 δ
A1A2A1(1)A−1(2)e−2(3)
=
(
+1 · −2 −3 aa˙bb˙paa˙1 pbb˙2 + +1 · p2 −3 aa˙bb˙−aa˙2 pbb˙2 + −2 · p3 −3 aa˙bb˙+ aa˙1 pbb˙2
)
δA1A2 δ4(Σpirp¯ir).
(10.22)
The gravity polarizations are −r = e−2(r)pirasra˙pirbsrb˙ and 
+
r = e2(r)s¯rap¯ira˙s¯rbp¯irb˙, and
one can factor
+1 · −2 −3 aa˙bb˙paa˙1 pbb˙2 + +1 · p2 −3 aa˙bb˙−aa˙2 pbb˙2 + −2 · p3 −3 aa˙bb˙+ aa˙1 pbb˙2
=
(
+1 · −2 −3 · p1 + +1 · p2 −3 · −2 + −2 · p3 −3 · +1
)
−3 · p2
=
〈23〉3
〈12〉〈31〉
〈23〉〈31〉
〈12〉 =
〈23〉4
〈12〉2 . (10.23)
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For two gravitons and a scalar (GGG),
〈e−2(ρ1)e−2(ρ2)C(ρ3)〉tree
=
∫
〈0|eq0e−2(ρ1)e−2(ρ2)C(ρ3)|0〉
3∏
r=1
dρr/dγMdγS
=
∫ 3∏
r=1
dkr
3∏
r=1
kr λa(ρ1)∂λ
a(ρ1)λb(ρ2)∂λ
b(ρ2)λc(ρ3)∂λ
c(ρ3)
×
∏
ra
δ(piar − krλa(ρr)) (ρ1 − ρ2)4k41k42〈0|eq0e
P3
r=1 ikrp¯irb˙µ
b˙(ρr)|0〉
×
∏
a
d2λa
∏
r
dρr/dγSdγM e−2(1)e−2(2)C0(3)
= δ4(Σpirp¯ir)
∫ 3∏
r=1
dζr
3∏
r=1
pi1r δ(pi
2
r − ζrpi1r) (ζ1 − ζ2)2(pi11pi12)2 e−2(1)e−2(2)C0(3)
= δ4(Σpirp¯ir) 〈12〉4e−2(1)e−2(2)C0(3)
= −
1 aa˙bb˙
paa˙2 p
bb˙
2 
−
2 cc˙dd˙
pcc˙1 p
dd˙
1 δ
4(Σpirp¯ir) C0(3). (10.24)
These are conventional couplings.
Less conventional is the three-graviton coupling (GGF ):
〈e−2(ρ1)e−2(ρ2)e2(ρ3)〉tree =
∫
〈0|eq0e−2(ρ1)e−2(ρ2)e2(ρ3)|0〉
3∏
r=1
dρr/dγMdγS
= i
∫ 3∏
r=1
dkr
k1k2
k23
λa(ρ1)∂λ
a(ρ1)λa(ρ2)∂λ
a(ρ2)
∏
ra
δ(piar − krλa(ρr)) (ρ1 − ρ2)4k41k42
× 〈0|eq0e
P3
r=1 ikrp¯irb˙µ
b˙(ρr) p¯ia˙3Ya˙(ρ3)|0〉
∏
a
d2λa
∏
r
dρr/dγSdγMe−2(1)e−2(2)e2(3)
= δ4(Σpirp¯ir)
∫ 3∏
r=1
dζr
3∏
r=1
δ(pi2r − ζrpi1r)(ζ1 − ζ2)4(pi11pi12)4
pi11pi
1
2
(pi13)
2
2∑
r=1
pi1r [3r]
ζr − ζ3 e−2(1)e−2(2)e2(3)
= δ4(Σpirp¯ir)〈12〉4
2∑
r=1
[3r]〈rξ〉2
〈3r〉〈3ξ〉2 e−2(1)e−2(2)e2(3)
= δ4(Σpirp¯ir) 〈12〉6 [32]〈32〉〈31〉2 e−2(1)e−2(2)e2(3) = 0. (10.25)
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We calculate the last step due to momentum conservation,
∑
r pr aa˙ = 0,
∑
pr aa˙ = pi1ap¯i1a˙ + pi2ap¯i2a˙ + pi3ap¯i3a˙ (multiply by pi1
a)
= 〈12〉 p¯i2a˙ + 〈13〉 p¯i3a˙ (multiply by p¯i3a˙)
= 〈12〉[23] = 0. (10.26)
Since this amplitude involves Ya˙, we have first evaluated, using (9.22),
〈0|eq0e
P3
r=1 ikrp¯irb˙µ
b˙(ρr) p¯ia˙3Ya˙(ρ3)|0〉 = −i
∑
r 6=3
kr[3r]
(ρr − ρ3)〈0|e
q0e
P3
r=1 ikrp¯irb˙µ
b˙(ρr)|0〉, (10.27)
then replaced µb˙(ρ) by its lowest modes and changed variables from ρr to ζr, as discussed
in more detail in (11.8). The expression is independent of the spinor ξ. We compare
this vanishing three-graviton tree amplitude for conformal gravity with that of Einstein
gravity,
〈e−2(ρ1)e−2(ρ2)e2(ρ3)〉Einstein tree = 〈12〉
6
〈23〉2〈31〉2 δ
4(Σpirp¯ir) e−2(1)e−2(2)e2(3) 6= 0
=
1
s23
〈e−2(ρ1)e−2(ρ2)e2(ρ3)〉tree. (10.28)
For two scalars and a graviton (GGF ), the amplitude also vanishes by momentum
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conservation:
〈C(ρ1)e−2(ρ2)C¯(ρ3)〉tree =
∫
〈0|eq0C(ρ1)e−2(ρ2)C¯(ρ3)|0〉
3∏
r=1
dρr/dγMdγS
= i
∫ 3∏
r=1
dkr
k1k2
k23
λa(ρ1)∂λ
a(ρ1)λa(ρ2)∂λ
a(ρ2)
∏
ra
δ(piar − krλa(ρr)) (ρ2 − ρ3)4k42k43
× 〈0|eq0e
P3
r=1 ikrp¯irb˙µ
b˙(ρr) p¯ia˙3Ya˙(ρ3)|0〉
∏
a
d2λa
∏
r
dρr/dγSdγM C0(1)e−2(2)C¯0(3)
= δ4(Σpirp¯ir) 〈12〉2 [23]〈23〉
3
〈31〉2 C0(1)e−2(2)C¯0(3) = 0. (10.29)
The familiar degree one three-point gluon vertex,
〈AA1−1(ρ1)AA2−1(ρ2)AA31 (ρ3)〉tree
=
∫
〈0|eq0AA1−1(ρ1)AA2−1(ρ2)AA31 (ρ3)|0〉
3∏
r=1
dρr/dγMdγS
=
∫ 3∏
r=1
dkr
kr
∏
ra
δ(piar − krλa(ρr)) (ρ1 − ρ2)4k41k42
fA1A2A3
(ρ1 − ρ2)(ρ2 − ρ3)(ρ3 − ρ1)
× 〈0|eq0e
P3
r=1 ikrp¯irb˙µ
b˙(ρr)|0〉
∏
a
d2λa
∏
r
dρr/dγSdγM A−1(1)A−1(2)A1(3)
= δ4(Σpirp¯ir)
〈12〉3
〈23〉〈31〉 f
A1A2A3 A−1(1)A−1(2)A1(3)
= δ4(Σpirp¯ir) f
A1A2A3
(
−1 · −2 +3 · p1 + −2 · +3 −1 · p2 + +3 · −1 −2 · p3
)
. (10.30)
The remaining unprimed three-point functions with two negative helicity states van-
ish. The unprimed MHV three-point functions are summarized in Table 10.1, where
we include their polarizations and momentum conserving delta function, in order to
compare with primed couplings in Table 10.3.
We compare these couplings with those of opposite helicities, with instanton number
d = 0. A slightly different calculational strategy is involved, most especially the Mobius
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〈AA1−1AA2−1C〉 = −〈12〉2 δA1A2A−1(1)A−1(2)C0(3)δ4(Σpirp¯ir)
〈AA11 AA2−1e−2〉 = − 〈23〉
4
〈12〉2 δ
A1A2A1(1)A−1(2)e−2(3)δ4(Σpirp¯ir)
〈e−2e−2C〉 = 〈12〉4e−2(1)e−2(2)C0(3)δ4(Σpirp¯ir)
〈e−2e−2e2〉 = 〈12〉6[23]〈23〉〈31〉2 e−2(1)e−2(2)e2(3)δ4(Σpirp¯ir) = 0
〈Ce−2C¯〉 = 〈12〉2〈23〉3[23]〈31〉2 C0(1)e−2(2)C¯0(3)δ4(Σpirp¯ir) = 0
〈AA1−1AA2−1AA31 〉 = 〈12〉
3
〈23〉〈31〉f
A1A2A3A−1(1)A−1(2)A1(3)δ4(Σpirp¯ir)
Table 10.1: Unprimed conformal supergravity MHV couplings
invariance of SL(2,R). We show this more explicitly in the first amplitude.
〈AA11 (ρ1)AA21 (ρ2)C¯(ρ3)〉tree =
∫
〈0|AA11 (ρ1)AA21 (ρ2)C¯(ρ3)|0〉
3∏
r=1
dρr/dγMdγS
= i
∫ 3∏
r=1
dkr
k23
k1k2
∏
r,a
δ(pir
a − krλa)〈0|e
P3
r=1 ikrp¯irb˙µ
b˙(ρr) p¯ia˙3Ya˙(ρ3) |0〉
×
∏
a
dλa
∏
r
dρr/dγSdγM
(
−δ
A1A2A1(1)A1(2)C¯0(3)
(ρ1 − ρ2)2
)
= −
∫ 3∏
r=1
dkr
k23
k1k2
∏
ra
δ(piar − krλa)
(∑
r 6=3
kr[3r]
(ρr − ρ3)
)
2∏
a=1
δ(
3∑
r=1
krp¯ira)
×
∏
a
dλa
∏
r
dρr/dγSdγM δ
a1a2A1(1)A1(2)C¯0(3) (ρ1 − ρ2)−2
= −δa1a2 [31](pi
1
3)
2
pi12
∫
dλ2
λ1
3∏
r=1
δ(pi2r −
λ2
λ1
pi1r)
∏
a
δ
(
3∑
r=1
pi1
λ1
p¯ira
)
A1(1)A1(2)C¯0(3)
= − δA1A2 δ4(Σpirp¯ir) [12]2A1(1)A1(2)C¯0(3). (10.31)
After eliminating Yb˙, for degree d = 0, we replace Z
I(ρ) with ZI0 . We have pi
1
2[21] =
−pi13[31], replacing the product
∏3
r=2 δ(pi
2
r−λ
2
λ1
pi1r) with
∏2
a=1 δ(
∑3
r=1(pi
2
r−λ
2
λ1
pi1r)p¯ira)[23] =∏2
a=1 δ(
∑3
r=1 pi
2
r p¯ira)[23]. Here 〈0|ψ10|0〉 = 1, see reference [51]. This amplitude is type
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φφF . It is useful to express the invariant measures as
dγM =
3∏
r=1
dρr
1
(ρ1 − ρ2)(ρ2 − ρ3)(ρ3 − ρ1) (10.32)
and
dγS =
dλ1
λ1
(10.33)
in the d = 0 sector, where λa = λa0.
If we compare the amplitude in (10.31) with (10.21), we verify that the
d = 0 tree 〈AA11 (ρ1)AA21 (ρ2)C¯(ρ3)〉tree is the antiholomorphic version of the d = 1
coupling, 〈AA1−1(ρ1)AA2−1(ρ2)C(ρ3)〉tree. Similarly, the φφF tree
〈AA1−1(ρ1)AA21 (ρ2)e2(ρ3)〉tree =
∫
〈0|AA1−1(ρ1)AA21 (ρ2)e2(ρ3)|0〉
3∏
r=1
dρr/dγMdγS
= i
∫ 3∏
r=1
dkr
k31
k2k23
∏
ra
δ(piar − krλa)〈0|e
P3
r=1 ikrp¯irb˙µ
b˙(ρr)p¯ia˙3Ya˙(ρ3)|0〉
×
∏
a
dλa
∏
r
dρr/dγSdγM
(−δA1A2A−1(1)A1(2)e2(3)
(ρ1 − ρ2)2
)
= −δA1A2 [31](pi3
1)2
pi21
∫
dλ2
λ1
3∏
r=1
δ(pir
2 − λ
2
λ1
pir
1)
∏
a
δ(
3∑
r=1
pir
1
λ1
p¯ira)A−1(1)A1(2)e2(3)
= −δA1A2 δ4(Σpirp¯ir) [23]
4
[12]2
A−1(1)A1(2)e2(3), (10.34)
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is the antiholomorphic version of (10.22). The FFF amplitude
〈e2(ρ1)e2(ρ2)C¯(ρ3)〉tree =
∫
〈0|e2(ρ1)e2(ρ2)C¯(ρ3)|0〉
3∏
r=1
dρr/dγMdγS
= −i
∫ 3∏
r=1
dkr
k23
k21k
2
2
∏
ra
δ(pir
a − krλa) 〈0|
3∏
r=1
eikrp¯irb˙µ
b˙(ρr) p¯ia˙rYa˙(ρr)|0〉
×
∏
a
dλa
∏
r
dρr/dγSdγM e2(1)e2(2)C¯0(3)
= −i
∫ 3∏
r=1
dkr
k23
k21k
2
2
∏
ra
δ(piar − krλa(ρr)) (
−i
λ1
)3 pi2
1(pi1
1)2
× [12]
2[31]
(ρ1 − ρ2)(ρ2 − ρ3)(ρ3 − ρ1)
∏
a˙
δ(Σ3r=1krp¯ira˙)
×
∏
a
dλa
∏
r
dρr/dγSdγM e2(1)e2(2)C¯0(3)
= δ4(Σpirp¯ir) [12]
4 e2(1)e2(2)C¯0(3) (10.35)
is the antiholomorphic version of (10.24).
Of course, we expect these results for the d = 0 amplitudes, from the parity prop-
erties of the vertex operators. But we present the derivations to demonstrate our
computational methods, and to verify (10.25). The d = 0 three-graviton coupling van-
ishes identically, since the vertex operator e−2(ρ) involves λa(ρ)∂λa(ρ), which vanishes
for λa(ρ) = λa0, a constant:
〈e2(ρ1)e2(ρ2)e−2(ρ3)〉tree =
∫
〈0|e2(ρ1)e2(ρ2)e−2(ρ3)|0〉
3∏
r=1
dρr/dγMdγS
= −
∫ 3∏
r=1
dkr
k53
k21k
2
2
∏
ra
δ(piar − krλa(ρr)) 〈0|
2∏
r=1
eikrp¯irbµ
b(ρr) p¯ia˙rYa˙(ρr) e
ik3p¯irb˙µ
b˙(ρ3)|0〉
× λa(ρ3)∂λa(ρ3)
∏
a
dλa
∏
r
dρr/dγSdγM e2(1)e2(2)e−2(3) = 0, (10.36)
59
and
〈C¯(ρ1)e2(ρ2)C(ρ3)〉tree =
∫
〈0|C¯(ρ1)e2(ρ2)C(ρ3)|0〉
3∏
r=1
dρr/dγMdγS
= −
∫ 3∏
r=1
dkr
k21k3
k22
∏
ra
δ(piar − krλa) 〈0|
2∏
r=1
eikrp¯irib˙µ
b˙(ρr) p¯ia˙rYa˙(ρr) e
ik3p¯irb˙µ
b˙(ρ3)|0〉
× λa(ρ3)∂λa(ρ3)
∏
a
dλa
∏
r
dρr/dγSdγM C¯0(1)e2(2)C0(3) = 0. (10.37)
These are FFG trees. Finally, we include the familiar degree zero three-gluon vertex
〈AA11 (ρ1)AA21 (ρ2)AA3−1(ρ3)〉tree
=
∫
〈0|AA11 (ρ1)AA21 (ρ2)AA3−1(ρ3)|0〉
3∏
r=1
dρr/dγMdγS
=
∫ 3∏
r=1
dkr
k33
k1k2
∏
ra
δ(piar − krλa)
fA1A2A3
(ρ1 − ρ2)(ρ2 − ρ3)(ρ3 − ρ1)
× 〈0|e
P3
r=1 ikrp¯irb˙µ
b˙(ρr)|0〉
∏
a
dλa
∏
r
dρr/dγSdγM A1(1)A1(2)A−1(3)
= δ4(Σpirp¯ir) f
A1A2A3
[12]3
[23][31]
A1(1)A1(2)A−1(3). (10.38)
We express the d = 0 three-point amplitudes in the table below.
〈AA11 AA21 C¯〉 = −[12]2δA1A2A1(1)A1(2)C¯0(3)δ4(Σpirp¯ir)
〈AA1−1AA21 e2〉 = − [23]
4
[12]2
δA1A2A−1(1)A1(2)e2(3)δ4(Σpirp¯ir)
〈e2e2C¯〉 = [12]4e2(1)e2(2)C¯0(3)δ4(Σpirp¯ir)
〈e2e2e−2〉 = 0
〈C¯e2C〉 = 0
〈AA11 AA21 AA3−1〉 = [12]
3
[23][31]
fA1A2A3A1(1)A1(2)A−1(3)δ4(Σpirp¯ir)
Table 10.2: d = 0 Unprimed conformal supergravity couplings
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10.2 Amplitudes with Primed Vertices
In this section we will compute tree amplitudes containing states with primed vertex op-
erators. As a preliminary study, consider the d = 1 coupling 〈AA1−1(ρ1)AA2−1(ρ2)C ′(ρ3)〉tree
with φφG′ vertex operators. Using the previous methods, it is convenient to evaluate
the primed coupling as
〈AA1−1(ρ1)AA2−1(ρ2)C ′(ρ3)〉tree =
∫
〈0|eq0AA1−1(ρ1)AA2−1(ρ2)C ′(ρ3)|0〉
= −
∫ 3∏
r=1
dkr
3∏
r=1
kr
∏
ra
δ(pir
a − krλa(ρr)) k21k22 (ρ1 − ρ2)2
3∏
r=1
dρr
× 〈0|eq0 i
(
s3a˙
k3
∂µa˙(ρ3)− s3a˙µa˙(ρ3)s¯3a∂λa(ρ3)
)
ei
P3
r=1 krp¯irb˙µ
b˙(ρr)|0〉
×
∏
a
d2λa
/
dγMdγSδ
A1A2A−1(1)A−1(2)C ′0(3)
= −
∫ 3∏
r=1
pi1r
(λ1(ρr))2
δ
(
pi2r −
λ2(ρr)
λ1(ρr)
pi1r
)
(ρ1 − ρ2)2( pi
1
1pi
1
2
λ1(ρ1)λ1(ρ2)
)2
×
∏
a,a˙
d2λad2µa˙
∏
r
dρr/dγSdγM δ
A1A2 A−1(1)A−1(2)C ′0(3)
× i
(s31
pi13
(
λ10µ
1
−1 − µ10λ1−1
)
+
s32
pi23
(
λ20µ
2
−1 − µ20λ2−1
) )
e
i
P3
r=1
pi1r p¯irb˙
λ1(ρr)
(µb˙0+ρrµ
b˙
−1)(10.39)
where we have used the delta functions δ(pi1r −krλ1(ρr)) to do the kr integrations. Here
λa(ρ) = λa0 + ρλ
a
−1. In order to perform the d
2µa˙ integrations, we note that
n∑
r=1
pibrp¯ira˙ =
n∑
r=1
λb(ρr)pir
1p¯ira˙
λ1(ρr)
= λb0
n∑
r=1
pi1r p¯ira˙
λ1(ρr)
+ λb−1
n∑
r=1
pi1r p¯ira˙ρr
λ1(ρr)
(10.40)
for any n, when pi2r − (λ2(zr)/λ1(zr))pi1r = 0. We can invert this change of variables
to write
∑2
r=1
pi1r
λ1(ρr)
p¯ira˙ and
∑2
r=1
pi1r
λ1(ρr)
p¯ira˙ρr in terms of
∑2
r=1 pi
bp¯ia˙, and express the
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exponential in (10.39) as
e
i
P3
r=1
pi1r
λ1(ρr)
p¯irb˙(µ
b˙
0+ρrµ
b˙
−1) = ei
ca
detλ(λa0µb˙−1−λa−1µb˙0)
P3
r=1 pi
c
rp¯irb˙ , (10.41)
where the anti-symmetric epsilon tensor is 12 = 1 = −12, as in Chapter 9. Then the
integrand of the d2µa˙ integrations can be expressed as derivatives of the exponential,
∫ ∏
a˙
d2µa˙
(
s31
pi13
(
λ10µ
1
−1 − µ10λ1−1
)
+
s32
pi23
(
λ20µ
2
−1 − µ20λ2−1
))
e
i
P3
r=1
pi1r
λ1(ρr)
p¯irb˙(µ
b˙
0+ρrµ
b˙
−1)
= −i (detλ)
(
s31
pi13
∂
∂
∑3
r=1 pi
2
r p¯ir1
− s32
pi23
∂
∂
∑3
r=1 pi
1
r p¯ir2
)
×
∫ ∏
a˙
d2µa˙ei
ca
detλ(λa0µb˙−1−λa−1µb˙0)
P3
r=1 pi
c
rp¯irb˙ .
(10.42)
Performing the d2µa˙ integrals to find momentum delta functions,
∫ ∏
a˙
d2µa˙ei
ca
detλ(λa0µb˙−1−λa−1µb˙0)
P3
r=1 pi
c
rp¯irb˙ = (detλ)2 δ4(Σpirp¯ir), (10.43)
and using our previous methods, (10.39) becomes
〈AA1−1(ρ1)AA2−1(ρ2)C ′(ρ3)〉tree
= −〈12〉2δA1A2
[s31
pi13
δ2(
3∑
r=1
piar p¯ir2) δ(
3∑
r=1
pi1r p¯ir1) δ
′
(
3∑
r=1
pi2r p¯ir1
)
− s32
pi23
δ2(
3∑
r=1
piar p¯ir1) δ(
3∑
r=1
pi2r p¯ir2) δ
′
(
3∑
r=1
pi1r p¯ir2
)]
A−1(1)A−1(2)C ′0(3)
= 〈12〉2 δA1A2A−1(1)A−1(2)
C ′0(3)
2p03
∂
∂P 0
δ4(Σpirp¯ir) (10.44)
where we have chosen the Berkovits Witten gauge sa˙ =
piaσ0aa˙
2p0
, so s21
pi12
= s22
pi22
= 1
pi12 p¯i
1
2+pi
2
2 p¯i
2
2
=
1
2p02
, and defined P 0 =
∑3
r=1 p
0
r =
1
2
∑3
r=1(pi
1
r p¯ir2 − pi2r p¯ir1), using praa˙ = pirap¯ira˙ = σµaa˙prµ
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as in Chapter 9.
We interpret the amplitude (10.44) with the help of understanding how the momen-
tum operator acts on the primed states. In conformal supergravity, the dipole pairs
arise as solutions to equations of motion with higher than quadratic derivatives, see for
example [57, 35]. Each pair σp, σ
′
p satisfies (∂µ∂
µ)2σ = 0, and comprises a plane wave
state σp = e
ip·x, and a state σ′p = iA · xeip·x that cannot diagonalize the momentum
operator for any non-zero vector A independent of x. Since P opaa˙ = −i ∂∂xaa˙ , then
P opaa˙ σp = paa˙σp, P
op
aa˙ σ
′
p = paa˙σ
′
p + Aaa˙σp. (10.45)
In particular, we can write σ′p = A
aa˙ ∂
∂paa˙
σp, and choose A to be in the time direction
[35] to make contact with the Berkovits Witten gauge, so
σ′p ∼
∂
∂p0
σp. (10.46)
The primed amplitude (10.44) is effectively − C
′
0(3)
2p03C0(3)
∂
∂p03
times the form (10.21), as
expected in view of (10.46). For the pair of states to have the same relative dimension,
the wavefunctions C0(r), C
′
0(r) differ in dimension by a factor of (p
0
r)
2, so the primed
amplitude (10.44) has canonical dimensions.
But what about momentum conservation? Surely primed amplitudes are confor-
mally invariant, just as the others. Although the primed states are not eigenstates of
the momentum operator, we know they transform as in (10.45). So, the momentum
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operator acts on the coupling 〈AA1−1(ρ1)AA2−1(ρ2)C ′(ρ3)〉tree as
P 0〈AA1−1(ρ1)AA2−1(ρ2)C ′(ρ3)〉tree −
C ′0(3)
C0(3)2p03
〈AA1−1(ρ1)AA2−1(ρ2)C(ρ3)〉tree
= 〈12〉2 δA1A2A−1(1)A−1(2)
C ′0(3)
2p03
P 0
∂
∂P 0
δ(P 0)δ3(P i)
+
C ′0(3)
2p03
〈12〉2 δA1A2A−1(1)A−1(2)δ(P 0)δ3(P i) = 0 (10.47)
and
P i〈AA1−1(ρ1)AA2−1(ρ2)C ′(ρ3)〉tree = 〈12〉2 δA1A2A−1(1)A−1(2) C ′0(3)
∂
∂P 0
δ(P 0)P iδ3(P i) = 0,
(10.48)
verifying that the primed amplitude (10.44) has translational invariance. Here P µ =∑
r p
µ
r , and P
0 ∂
∂P 0
δ(P 0) = −δ(P 0) on the support of a test function.
In a similar calculation, now using the e′−2(ρ) vertex operator in lieu of C
′(ρ), we
find the MHV coupling for two gluons and a primed graviton:
〈AA11 (ρ1)AA2−1(ρ2)e′−2(ρ3)〉tree
=
∫
〈0|eq0AA11 (ρ1)AA2−1(ρ2)e′−2(ρ3)|0〉
3∏
r=1
dρr/dγMdγS
= −〈23〉
4
〈12〉2 δ
A1A2A1(1)A−1(2)e′−2(3)
×
[s31
pi13
∂
∂
∑3
r=1 pi
2
r p¯ir1
− s32
pi23
∂
∂
∑3
r=1 pi
1
r p¯ir2
]
δ4(
2∑
r=1
pirp¯ir)
=
〈23〉4
〈12〉2 δ
A1A2A1(1)A−1(2)
e′−2(3)
2p03
∂
∂P 0
δ4(Σpirp¯ir). (10.49)
We can extend the d = 1 GGG coupling of two gravitons and a scalar to any combina-
tion of primed vertices VG′ as follows. If there is more than one primed vertex operator,
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there will be a product of factors in the derivation of the amplitude, of the form,
(sr1
pi1r
(
λ10µ
1
−1 − µ10λ1−1
)
+
sr2
pi2r
(
λ20µ
2
−1 − µ20λ2−1
) )
(10.50)
for each site r that corresponds to a primed vertex. We can evaluate this in a similar
way to (10.42), to find, for example,
〈e′−2(ρ1)e′−2(ρ2)C ′(ρ3)〉tree = 〈0|eq0e′−2(ρ1)e′−2(ρ2)C ′(ρ3)|0〉
3∏
r=1
dρr/dγMdγS
= −〈12〉4 e
′
−2(1)
2p01
e′−2(2)
2p02
C ′0(3)
2p03
∂3
(∂P 0)3
δ4(Σpirp¯ir). (10.51)
So effectively, the contribution of a VG′(ρr) vertex operator to a tree amplitude can
be found by replacing each unprimed wavefunction by a primed wavefunction times
− 1
2p0r
∂
∂p0r
.
Amplitudes involving V ′F vertices are more tedious to evaluate. As a guide for
these methods, we can use the antiholomorphic amplitudes. For example, the d = 0
three-point coupling is
〈AA11 (ρ1)AA21 (ρ2)C¯ ′(ρ3)〉tree =
∫
〈0|AA11 (ρ1)AA21 (ρ2)C¯ ′(ρ3)|0〉
3∏
r=1
dρr/dγSdγM
= −
∫ 3∏
r=1
dkr
k23
k1k2
3∏
r=1
dρr/dγSdγM
(
δA1A2A(1)A1(2)C¯
′
0(3)
(ρ1 − ρ2)2
)
× (s¯a3 〈0| 2∏
c,r=1
δ(picr − krλc(ρr)) δ(pic3 − k3λc(ρr)) Ya(ρ3)|0〉
∫ ∏
a
dµa0e
i
P3
r=1 krp¯irbµ
b
0
+ isa˙3 〈0|ei
P2
r=1 krp¯irb˙µ
b˙(ρr)eik3p¯i3b˙µ
b˙(ρ3) Ya˙(ρ3)|0〉
×
∫ ∏
dλa0
2∏
c,r=1
δ(picr − krλc(ρr)) s¯a3
∂
∂pia3
δ(pic3 − k3λc(ρ3))
)
= [12]2 δA1A2A1(1)A1(2)
C¯ ′0(3)
2p03
∂
∂P 0
δ4(Σpirp¯ir), (10.52)
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where we could evaluate 〈0|∏2c,r=1 δ(picr−krλc(ρr)) δ(pic3−k3λc(ρr)) Ya(ρ3)|0〉 by writing
the delta functions
∏
c,r δ(pi
c
r − krλc(ρr)) as
∫ ∏
c,r dωrce
i
P2
r=1 ωrc(krλ
c(ρr)−picr), using the
commutator of λa(ρr) with Ya(ρ3), for r = 1, 2, and divide by the invariant measure
(10.33). But we know the result, since it is the antiholomorphic form of (10.44), found
by replacing pira, p¯irb˙ with their conjugates p¯ira˙, pirb.
The non-vanishing three-point amplitudes involving the primed states of the dipoles
from the sectors GGG′, GG′G′, and G′G′G′, together with their helicity conjugates, are
summarized in Tables 10.3 and 10.4.
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〈AA1−1AA2−1C ′〉 = 〈12〉2 δA1A2A−1(1)A−1(2)
C′
0(3)
2p03
∂
∂p03
δ4(Σpirp¯ir)
〈AA11 AA2−1e′−2〉 = 〈23〉
4
〈12〉2 δ
A1A2A1(1)A−1(2)
e′−2(3)
2p03
∂
∂p03
δ4(Σpirp¯ir)
〈e−2e−2C ′〉 = −〈12〉4e−2(1)e−2(2)C
′
0(3)
2p03
∂
∂p03
δ4(Σpirp¯ir)
〈e−2e′−2C〉 = −〈12〉4e−2(1)
e′−2(2)
2p02
C0(3)
∂
∂p02
δ4(Σpirp¯ir)
〈e−2e′−2C ′〉 = −〈12〉4e−2(1)
e′−2(2)
2p02
C′
0(3)
2p03
∂2
∂p02∂p
0
3
δ4(Σpirp¯ir)
〈e′−2e′−2C〉 = −〈12〉4
e′−2(1)
2p01
e′−2(2)
2p02
C0(3)
∂2
∂p01∂p
0
2
δ4(Σpirp¯ir)
〈e′−2e′−2C ′〉 = −〈12〉4
e′−2(1)
2p01
e′−2(2)
2p02
C′
0(3)
2p03
∂3
∂p01∂p
0
2∂p
0
3
δ4(Σpirp¯ir)
Table 10.3: MHV Conformal supergravity couplings with primed states
〈AA11 AA21 C¯ ′〉 = [12]2 δA1A2A1(1)A1(2)
C¯′
0(3)
2p03
∂
∂p03
δ4(Σpirp¯ir)
〈AA1−1AA21 e′2〉 = [23]
4
[12]2
δA1A2A−1(1)A1(2)
e′
2(3)
2p03
∂
∂p03
δ4(Σpirp¯ir)
〈e2e2C¯ ′〉 = −[12]4e2(1)e2(2) C¯
′
0(3)
2p03
∂
∂p03
δ4(Σpirp¯ir)
〈e2e′2C¯〉 = −[12]4e2(1)
e′
2(2)
2p02
C¯0(3)
∂
∂p02
δ4(Σpirp¯ir)
〈e2e′2C¯ ′〉 = −[12]4e2(1)
e′
2(2)
2p02
C¯′
0(3)
2p03
∂2
∂p02∂p
0
3
δ4(Σpirp¯ir)
〈e′2e′2C¯〉 = −[12]4
e′
2(1)
2p01
e′
2(2)
2p02
C¯0(3)
∂2
∂p01∂p
0
2
δ4(Σpirp¯ir)
〈e′2e′2C¯ ′〉 = −[12]4
e′
2(1)
2p01
e′
2(2)
2p02
C¯′
0(3)
2p03
∂3
∂p01∂p
0
2∂p
0
3
δ4(Σpirp¯ir)
Table 10.4: d = 0 Conformal supergravity couplings with primed states
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Chapter 11
Comparison with Known Conformal
and Einstein Amplitudes
In this section, we extend our analysis of the three-point functions using canonical
quantization, to N -point MHV tree amplitudes for unprimed vertex operators. The
maximal helicity violating (MHV) amplitudes contain any two vertex operators of neg-
ative helicity, e−2, C¯, A−1, and N − 2 positive helicity vertex operators from the set
e2, C, A1.
We will compute an amplitude for a specific choice of the two negative helic-
ity states, and then discuss how this generalizes. We consider the (d = 1) ampli-
tude for two negative helicity vertex operators, one of type G and one of type F ,
〈e−2C¯e2 . . . e2C . . . CA1 . . . A1〉tree. This has n positive helicity type F gravitons, m
positive helicity type G scalars, and p positive helicity gluons . We denote the total
number of vertices as N = 2 +n+m+ p. Inserting the expressions from Table C.1, we
find
∫
〈0|eq0
∫
dk1k1λa1(ρ1)
2∏
a=1
δ(k1λ
a(ρ1)− pi1a)eik1p¯i1b˙µb˙(ρ1)
× k41ψ1(ρ1)ψ2(ρ1)ψ3(ρ1)ψ4(ρ1)∂λa1(ρ1)
× i
∫
dk2
k22
p¯i2
a˙
2∏
a=1
δ(k2λ
a(ρ2)− pi2a)eik2p¯i2b˙µb˙(ρ2)k42ψ1(ρ2)ψ2(ρ2)ψ3(ρ2)ψ4(ρ2)Ya˙(ρ2)
×
n+2∏
j=3
i
∫
dkj
k2j
p¯ij
a˙
2∏
a=1
δ(kjλ
a(ρj)− pija)eikj p¯ijb˙µb˙(ρj)Ya˙(ρj)
×
m+n+2∏
j=n+3
∫
dkjkjλaj(ρj)
2∏
a=1
δ(kjλ
a(ρj)− piaj )eikj p¯ijb˙µ
b˙(ρj)∂λaj(ρj)
×
N∏
j=m+n+3
∫
dkj
kj
2∏
a=1
δ(kjλ
a(ρj)− piaj )eikj p¯ijb˙µ
b˙(ρj)JAj(ρj)|0〉
N∏
r=1
dρr/dγSdγM , (11.1)
where we have dropped the polarizations for convenience. It is useful to introduce the
sets of indices: n = {3, . . . , n + 2}, m = {n + 3, . . . ,m + n + 2}, and p = {m + n +
3, . . . , N}. To further emphasize the occurrence of gluon or graviton types, we define
the larger sets n′ = {2, 3, . . . , n + 2} and m′ = {1, n + 3, . . . ,m + n + 2}. From the
following formula presented below, we can see these sets will be useful when considering
amplitudes having a more complicated ordering of vertex operators. We rewrite (11.1)
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as
(i)n+1
∫ N∏
r=1
dkrdρr/dγSdγM
∏
a,r
δ(krλ
a(ρr)− pira)
∏
j∈n′
(
1
kj
)2 ∏
j∈m′
(kj)
∏
j∈p
(
1
kj
)
× (k1k2)4 〈0|eq0ψ1(ρ1)ψ1(ρ2)ψ2(ρ1)ψ2(ρ2)ψ3(ρ1)ψ3(ρ2)ψ4(ρ1)ψ4(ρ2)|0〉
× 〈0|eq0
∏
j∈m′
λa(ρj)∂λ
a(ρj)|0〉 〈0|
∏
j∈p
JAj(ρj)|0〉
× 〈0|eq0eik1p¯i1b˙µb˙(ρ1)eik2p¯i2b˙µb˙(ρ2)p¯i2a˙Ya˙(ρ2)
∏
j∈n
(
eikj p¯ijb˙µ
b˙(ρj)p¯ia˙jYa˙(ρj)
)
×
∏
j∈m
(
eikj p¯ijb˙µ
b˙(ρj)
)∏
j∈p
(
eikj p¯ijb˙µ
b˙(ρj)
)
|0〉.
(11.2)
Many simplifications happen at this stage. With
〈0|eq0ψ1(ρ1)ψ1(ρ2)|0〉 = (ρ1 − ρ2)〈0|eq0ψ1−1ψ10|0〉 = (ρ1 − ρ2), (11.3)
four factors of ρ1 − ρ2 come from the second line. Evaluating the λ term, we find
〈0|eq0
∏
j∈m′
λaj(ρj)∂λ
aj(ρj)|0〉 =
∫ ∏
a
d2λa(detλ)m+1, (11.4)
where detλ = λ10λ
2
−1− λ20λ1−1, as in Chapter 10. We use a current algebra contribution
[59]
〈0|
∏
j∈p
JAj(ρj)|0〉 = fAm+n+3···AN
∏
j∈p
1
ρj − ρj+1 , (11.5)
with ρN+1 ≡ ρm+n+3. In what follows, we denote fAm+n+3...AN = fA...A. This is merely
simplification of notation, as the group indices add no new information not contained
in the denominator. We note, for computing MHV amplitudes containing negative
helicity gluons, that the form (11.5) remains the same with the set p replaced by the
total set of gluons p′.
70
The last expectation value in (11.2) is equal to
(−i)n+1 (detλ)2δ4 (Σpirp¯ir)
∏
x∈n′
N∑
y=1,y 6=x
ky
[xy]
ρy − ρx , (11.6)
where now δ4 (Σpirp¯ir) ≡
∏
a˙,b δ
(
ΣNr=1pi
b
rp¯ira˙
)
. We integrate the kr’s using δ(kr−pi1r/λ1(ρr)),
and evaluate the amplitude (11.2) to obtain
δ4(Σpirp¯ir)
∫ N∏
r=1
dρr
∏
a
d2λa/dγSγM
N∏
r=1
δ(pir
2 − λ
2(ρr)
λ1(ρr)
pir
1)
N∏
r=1
1
λ1(ρr)
×
(
pi1
1
λ1(ρ1)
pi2
1
λ1(ρ2)
)4
(ρ1 − ρ2)4
∏
j∈n′
(
λ1(ρj)
pi1j
)2 ∏
j∈m′
(
pij
1
λ1(ρj)
)∏
j∈p
(
λ1(ρj)
pij1
)
× fA···A
∏
j∈p
(
1
ρj − ρj+1
)
(detλ)m+3
∏
x∈n′
N∑
y=1,y 6=x
piy
1
λ1(ρy)
[xy]
ρy − ρx (11.7)
We define ζr =
λ2(ρr)
λ1(ρr)
and change variables from ρr to ζr. The identification
N∑
y=1,y 6=x
piy
1
λ1(ρy)
[xy]
ρy − ρx =
detλ
(λ1(ρx))3
N∑
y=1,y 6=x
piy
1[xy]
ζy − ζx (11.8)
follows from ∑
y 6=x
pi1y[xy]
λ1(ρy)(ρy − ρx) =
1
λ1(ρx)
∑
y 6=x
pi1y[xy]
(ρy − ρx) , (11.9)
using
∑
y
pi1yp¯iyb˙
λ1(ρy)
= 0, which is provided by the factor δ4(Σpirp¯ir) in (11.7), in view of the
equality (10.40). To implement the change of variables, we have ζr − ζj = (ρr−ρj) detλλ1(ρr)λ1(ρj) ,
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dζ = detλ
λ1(ρ)2
dρ, so (11.7) is
δ4(Σpirp¯ir)
∫ N∏
r=1
dζr
∏
a
d2λa/dγSdγM (detλ)
−2
N∏
r=1
δ(pir
2 − ζrpi1r)
(
pi1
1pi2
1(ζ1 − ζ2)
)4
×
∏
j∈n′
(
1
pij1
)2 ∏
j∈m′
(
pij
1
)∏
j∈p
(
1
pij1
)
fA···A
∏
j∈p
(
1
ζj − ζj+1
) ∏
x∈n′
N∑
y=1,y 6=x
piy
1 [xy]
ζy − ζx
(11.10)
We identify dγSdγM = d
2λa(detλ)−2 and do the ζr integrations. Since
∏
x∈n′
(
1
pix1
)3 N∑
y=1,y 6=x
piy
1 [xy]
ζy − ζx =
∏
x∈n′
N∑
y=1,y 6=x
(pi1y)
2
(pi1x)
2
[xy]
〈xy〉 , (11.11)
(11.11) can be reexpressed as [35]
∏
x∈n′
N∑
y=1,y 6=x
〈yξ〉2
〈xξ〉2
[xy]
〈xy〉 , (11.12)
which is independent of piξ,p¯iξ, to obtain the result
〈e−2C¯e2 · · · e2C · · ·CA1 . . . A1〉
= δ4(Σpirp¯ir)〈12〉4fA···A
∏
j∈p
1
〈j, j + 1〉
∏
i∈n′
N∑
j=1,j 6=i
〈jξ〉2
〈iξ〉2
[ij]
〈ij〉 . (11.13)
The amplitude is independent of the order of the positive helicity states, as this cor-
responds merely to changing the position of the Ya˙ fields, and does not affect (11.6).
To generalize our expression for any two negative helicity states, it is useful to identify
pieces common to all amplitudes: the two negative helicity states in any position ρr, ρs
will give the factor of 〈rs〉4, all gluon vertices contribute to fA···A∏j∈p′ 1〈j,j+1〉 , defined
in (11.5), and the type F vertex operators contribute to the product of sums. The type
G vertex operators provide factors of detλ, and leave no further mark on the amplitude.
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Our answer (11.13) thus becomes the Berkovits Witten formula [35], which they found
from a path integral formulation, and where we have absorbed a factor (−i)F in the
definition of the vertex operators VF .
To better visualize conformal gravity amplitudes better, we use (11.13) to study the
conformal four-graviton tree amplitude
〈e−2(ρ1)e−2(ρ2)e2(ρ3)e2(ρ4)〉CG = 〈12〉4
∏
j=3,4
∑
k 6=j
[jk]〈kξ〉2
〈jk〉〈jξ〉2
= −〈12〉
4[32]〈21〉 (〈43〉〈21〉 − 〈23〉〈41〉) [42]〈21〉 (〈34〉〈21〉 − 〈24〉〈31〉)
〈31〉2〈41〉2〈34〉2〈23〉〈42〉 (choose ξ = 1)
=
〈12〉4[34]4
(s12)2
using the identity 〈43〉〈21〉 − 〈23〉〈41〉 = 〈13〉〈24〉
=
s23s24
s12
〈e−2(1)e−2(2)e2(3)e2(4)〉Einstein, (11.14)
which has fewer poles than Einstein gravity, since the Berends-Giele-Kuijf expression
[45] for Einstein gravity tree amplitudes as a product of Yang-Mills trees is
〈e−2(1)e−2(2)e2(3)e2(4)〉Einstein = s12 〈12〉
3
〈23〉〈34〉〈41〉
〈12〉3
〈24〉〈43〉〈31〉
=
1
s12s23s24
〈12〉4[34]4. (11.15)
We can reproduce the conformal gravity four-point function (11.14) from tree level
exchange of the scalar field C
〈e−2(ρ1)e−2(ρ2)e2(ρ3)e2(ρ4)〉CG = 〈12〉4 1
(s12)2
[34]4 (11.16)
corresponding to the product of the three-point trees 〈e−2(ρ1)e−2(ρ2)C(ρ)〉 = 〈12〉4 and
〈C¯(ρ)e2(ρ3)e2(ρ4)〉 = [34]4, times the conformal propagator 1(p2)2 , where p2 = s12.
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Chapter 12
N-Point Tree Amplitudes for
Primed and Unprimed Vertices
Finally we turn to the N -point MHV scattering amplitudes containing both primed
and unprimed vertices. To begin, consider two negative helicity gluons, A−1 and n G′
scalars, C ′0. The total number of vertices is N = 2 + n. The set of primed vertices
is n = {3, . . . , N}. To compute 〈AA1−1(ρ1)AA2−1(ρ2)C ′0(ρ3) . . . C ′0(ρN)〉tree, use the vertex
operators from Table C.1:
∫
〈0|eq0
∫
dk1
k1
∏
a
δ (k1λ
a(ρ1)− pi1a) eik1p¯i1b˙µb˙(ρ1)k41ψ1(ρ1)ψ2(ρ1)ψ3(ρ1)ψ4(ρ1)A−1(1)JA1(ρ1)
×
∫
dk2
k2
∏
a
δ (k2λ
a(ρ2)− pi2a) eik2p¯i2b˙µb˙(ρ2)k42ψ1(ρ2)ψ2(ρ2)ψ3(ρ2)ψ4(ρ2)A−1(2)JA2(ρ2)
×
∏
j∈n
(
i
∫
dkjkj
∏
a
δ (kjλ
a(ρj)− piaj) eikj p¯ijb˙µb˙(ρj)
× [sja˙∂µa˙(ρj)− s¯jasja˙µa˙(ρj)∂λa(ρj)]C ′0(j)) |0〉 N∏
r=1
dρr/dγSdγM ,
(12.1)
which yields
in
∫ N∏
r=1
dkrdρrkr
∏
a,r
δ (krλ
a(ρr)− pira) (ρ1 − ρ2)4 (k1k2)4
∏
a
d2λa/dγSdγM
× −δ
A1A2
(ρ1 − ρ2)2
(
1
k1k2
)2
A−1(1)A−1(2)C ′0(3) · · ·C ′0(N)
× 〈0|eq0
∏
j∈n
(
sja˙
kj
∂µa˙(ρj)− s¯jasja˙µa˙(ρj)∂λa(ρj)
)
ei
P
r krp¯irb˙µ
b˙(ρj)|0〉. (12.2)
We evalute the expectation value in (12.2) as a sequence of derivatives, as in (10.51),
and find
〈AA1−1(ρ1)A2−1(ρ2)C ′0(ρ3) . . . C ′0(ρN)〉tree
= −〈12〉2δA1A2A−1(1)A−1(2)C ′0(3) . . . C ′0(N)
∏
j∈n
[
− 1
2p0j
∂
∂p0j
]
δ4(Σpirp¯ir). (12.3)
Clearly this same form holds for
〈e′−2(ρ1)e′−2(ρ2)C ′0(ρ3) . . . C ′0(ρN)〉tree
= 〈12〉4e′−2(1)e′−2(2)C ′0(3) . . . C ′0(N)
∏
j∈N
[
− 1
2p0j
∂
∂p0j
]
δ4(Σpirp¯ir), (12.4)
and for any combination of these type G primed and unprimed states, with the product
then taken over the primed sites.
N -point functions with type Fand F ′ vertices are more varied to track. For the four-
point function, we can use the anti-holmorphic form of 〈e′−2(ρ1)e′−2(ρ2)e2(ρ3)e2(ρ4)〉tree
to evaluate the F ′F ′GG amplitude 〈e′2(ρ1)e′2(ρ2)e−2(ρ3)e−2(ρ4)〉tree.
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Chapter 13
Conclusion
We identify the Yangian structure for the SU(2|3) spin chain Hamiltonian, which is the
one-loop dilatation operator for a subset of states in the marginally deformed Yang-
Mills theory. Like the parent case of PSU(2, 2|4), we check that the Yangian com-
mutation relations hold to one-loop. With the twisted R-matrix of the Yang-Baxter
equation, supplied by Beisert and Roiban, we compute the twisted coproducts using the
Reshetikhin formalism. This twisted coproduct leaves a residual unbroken symmetry.
We find that useful identities derived in the undeformed theory have a twisted
analog. We explicitly calculate the twisted quadratic Casimir acting on two-particle
states, and show it is equivalent to the deformed Hamiltonian of the theory.
We go on to show that the residual symmetries found above correspond to the
standard, undeformed coproduct. The broken symmetries have phases associated with
their coproducts, so they are twisted. In general, to find a given residual symmetry,
one could start by assuming untwisted coproducts for the desired generators.
For chains of length larger than two, the twisted coproducts give a formalism that
maintains ‘edge’ effects and therefore can be used to check the Yangian symmetry
extrapolated to one-loop. Although higher loops in the SU(2|3) sector have dynamical
lengths, our argument suggests the Yangian structure will survive to all orders, and
therefore we expect to find the SU(2|3) Yangian symmetry with twisted coproducts in
the world-sheet of the dual string theory.
Although the entire SU(2|3) Yangian algebra is still present in the deformed theo-
ries, and is responsible for its integrability, the symmetries of the deformed field the-
ories are residual groups which result from the twisted coproducts. These subgroups
SU(2)×U(1)3 in Case 1, and SU(2|1)×U(1)2 in Case 2 correspond to the unbroken sub-
groups of SU(2, 2|1)×U(1)2 in the N = 1 superconformal deformed gauge field theory,
that survive in its SU(2|3) sector, which we consider in this paper.
The twisted coproduct has provided a mechanism for maintaining integrability in a
theory while breaking some of its initial symmetry. This procedure might be useful in
formulating integrable versions of even smaller symmetries, possibly N = 0 Yang-Mills.
In the second part of this dissertation we consider the open twistor string. This is
a description of N = 4 Yang-Mills field theory coupled to N = 4 conformal supergrav-
ity. We derive a canonical quantization representation for all conformal supergravity
vertices outlined in [35]. We use a subset of these vertex operators (listed in Appendix
C) to calculate non-trivial n-point tree amplitudes. These include the vertices for the
‘dipole’ graviton states. Little work has been done with these states as they are not
eigenstates of the translation generator.
We compute three-point tree amplitudes. We find the form of the amplitudes that
include the dipole states to follow the same general form as the unprimed, non-dipole
states, however they can include a derivative on the momentum conserving delta func-
tion. We then compute general N-point tree level MHV amplitudes involving non-dipole
states, using our canonical methods. Finally, we compute N-point MHV tree ampli-
tudes involving both types of graviton states. These tree amplitudes are hard to access
in field theory calculations of conformal supergravity, but are fairly straightforward in
the string theory formulation.
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Appendix A
Single Index Basis for Yangian
Generators
It is sometimes convenient to chose a single index basis for the twenty-four generators of
SU(2|3) . The single index basis for the twelve even generators take the representation:
SU(3) SU(2) U(1)
J1 = R12 +R
2
1 J
9 = L12 + L
2
1 J
12 = D
J2 = i(R12 −R21) J10 = i(L12 − L21)
J3 = R11 −R22 J11 = L11 − L22
J4 = R13 +R
3
1
J5 = i(R13 −R31)
J6 = R23 +R
3
2
J7 = i(R23 −R32)
J8 = R11 +R
2
2 − 2R33
Table A.1: Even symmetry generators of SU(2|3).
The twelve odd generators have the representation:
78
J13 = S11 +Q
1
1 J
19 = S21 +Q
1
2
J14 = i(S11 −Q11) J20 = i(S21 +Q12)
J15 = S12 +Q
2
1 J
21 = S22 +Q
2
2
J16 = i(S12 −Q21) J22 = i(S22 +Q22)
J17 = S13 +Q
3
1 J
23 = S23 +Q
3
2
J18 = i(S13 −Q31) J24 = i(S23 +Q32)
Table A.2: Odd symmetry generators of SU(2|3)
The metric is symmetric (and diagonal) in the even regions and antisymmetric in the
odd regions.
g(1)(1) = g(2)(2) = g(3)(3) = g(4)(4) = g(5)(5) = g(6)(6) = g(7)(7) = g(8)(8) = −14 ,
g(9)(9) = g(10)(10) = g(11)(11) =
1
4
,
−g(13)(14) = g(14)(13) = −g(15)(16) = g(16)(15) = · · · = g(22)(21) = −g(23)(24) = g(24)(23) = 14i .
(A.1)
The SU(2|3) algebra obeys the commutation [JA, JB] = fABCgCDJD. The structure
constants are totally antisymmetric with an additional minus sign under the interchange
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of two odd indices.
f (1)(2)(3) = −f (9)(10)(11) = −8i
f (1)(4)(7) = f (1)(6)(5) = f (2)(4)(7) = f (2)(5)(7) = f (3)(4)(5) = f (3)(7)(6) = −4i
f (4)(5)(8) = f (6)(7)(8) = −12i
f (1)(13)(15) = f (1)(14)(16) = f (1)(19)(21) = f (1)(20)(22) = −4
f (2)(13)(16) = −f (2)(14)(15) = f (2)(19)(22) = −f (2)(20)(21) = −4
f (3)(13)(13) = f (3)(14)(14) = −f (3)(15)(15) = −f (3)(16)(16) = −4
f (3)(19)(19) = f (3)(20)(20) = −f (3)(21)(21) = −f (3)(22)(22) = −4
f (4)(13)(17) = f (4)(14)(18) = f (4)(19)(23) = f (4)(20)(24) = −4
f (5)(13)(18) = f (5)(14)(17) = f (5)(19)(24) = f (5)(20)(23) = −4
f (6)(15)(17) = f (6)(16)(18) = f (6)(21)(23) = f (6)(22)(24) = −4
f (7)(15)(18) = −f (7)(16)(17) = f (7)(21)(24) = −f (7)(22)(23) = −4
f (8)(13)(13) = f (8)(14)(14) = f (8)(15)(15) = f (8)(16)(16) = −4
f (8)(19)(19) = f (8)(20)(20) = f (8)(21)(21) = f (8)(22)(22) = −4
f (8)(17)(17) = f (8)(18)(18) = f (8)(23)(23) = f (8)(24)(24) = 8
f (9)(13)(19) = f (9)(14)(20) = f (9)(15)(21) = f (9)(16)(22) = f (9)(17)(23) = f (9)(18)(24) = 4
f (10)(13)(20) =−f (10)(14)(19) =f (10)(15)(22) =−f (10)(16)(21) =f (10)(17)(24) =−f (10)(18)(23) =−4
f (11)(13)(13) = f (11)(14)(14) = f (11)(15)(15) = f (11)(16)(16) = f (11)(17)(17) = f (11)(18)(18) = 4
f (11)(19)(19) = f (11)(20)(20) = f (11)(21)(21) = f (11)(22)(22) = f (11)(23)(23) = f (11)(24)(24) = −4
f (12)(13)(13) = f (12)(14)(14) = f (12)(15)(15) = f (12)(16)(16) = f (12)(17)(17) = f (12)(18)(18) = 2
f (12)(19)(19) = f (12)(20)(20) = f (12)(21)(21) = f (12)(22)(22) = f (12)(23)(23) = f (12)(24)(24) = 2.
(A.2)
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Appendix B
Double Index Basis for Yangian
Generators
The generators can be written in a double index notation [55, 32]. For a general
superalgebra, we can define matrices (EAB)ij = δAiδBj which satisfy [EAB, ECD] =
δCBEAD − δADECB. For SU(2|3) ,
[Rab, R
c
d] = δ
a
dR
c
b − δcbRad, [Rab, Qcγ] = −δcbQaγ +
1
3
δabQ
c
γ,
[Rab, S
γ
c] = δ
a
cS
γ
b − 1
3
δabS
γ
c, [L
α
β, L
γ
δ] = δ
α
δ L
γ
β − δγβLαδ,
[Lαβ, Q
c
γ] = δ
α
γQ
c
β −
1
2
δαβQ
c
γ, [L
α
β, S
γ
c] = −δγβSαc +
1
2
δαβS
γ
c ,
[D,Qaα] = +
1
2
Qaα, [D,S
α
a] = −1
2
Sαa ,{
Qaα, S
β
b
}
= δβαR
a
b + δ
a
bL
β
b +
1
3
δab δ
β
αD. (B.1)
We transform between our SU(2|3) generators and the general matrices defined above
by
Rab = Eba − 1
3
δabEcc, L
α
β = Eβα − 1
2
δαβEγγ,
Sγc = Ecγ, Q
c
γ = Eγc, D = Ecc +
3
2
Eγγ, (B.2)
where repeated indices are summed over.
This is an equivalent representation to the single index basis. For example, we give
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the defining relations [55]
[
JAB, J
C
D
]
= δCBJ
A
D − δADJCB,[
JAB, Jˆ
C
D
]
= δCB Jˆ
A
D − δADJˆCB,[
JAB,
[
JˆCD, Jˆ
E
F
]]
−
[
JˆAB,
[
JCD, Jˆ
E
F
]]
= h
2
4
∑
P,Q
([
JAB,
[
JCPJ
P
D, J
E
QJ
Q
F
]]
− [JAPJPB, [JCD, JEQJQF ]]) .
(B.3)
Deforming coproducts of the infinite Yangian algebra, a combination of the above
representation is used:
JAB = t
(0)
AB,
JˆAB = t
(1)
AB −
h
2
∑
D
t
(0)
ADt
(0)
DB. (B.4)
The coproducts (7.6) use the above t
(0)
AB’s for the deformation [32].
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Appendix C
A Subset of Vertex Operators for
Calculating Tree Amplitudes
We will focus on amplitudes involving a subset of the vertex operators. We define
ψa(ρ) ≡ ψa.
VF
e2(ρ) = i
∫
dk k−2
∏2
a=1 δ(kλ
a(ρ)− pia)eikp¯ib˙µb˙(ρ) p¯ia˙Ya˙(ρ) e2
C¯(ρ) = i
∫
dk k−2
∏2
a=1 δ(kλ
a(ρ)− pia)eikp¯ib˙µb˙(ρ) k4ψ1ψ2ψ3ψ4 p¯ia˙Ya˙(ρ) C¯0
VG
C(ρ) =
∫
dk k
∏2
a=1 δ(kλ
a(ρ)− pia)eikp¯ib˙µb˙(ρ) λa(ρ)∂λa(ρ)C0
e−2(ρ) =
∫
dk k
∏2
a=1 δ(kλ
a(ρ)− pia)eikp¯ib˙µb˙(ρ) k4ψ1ψ2ψ3ψ4 λa(ρ)∂λa(ρ) e−2
VF ′
e′2(ρ) =
∫
dk k−2
[∏2
a=1 δ(kλ
a(ρ)− pia)s¯aYa(ρ)
+is¯b
(
∂
∂pib
∏2
a=1 δ(kλ
a(ρ)− pia))sa˙Ya˙(ρ)] eikp¯ib˙µb˙(ρ)e′2
C¯ ′(ρ) =
∫
dk k−2
[
s¯aYa(ρ)
∏2
a=1 δ(kλ
a(ρ)− pia)
+is¯b
(
∂
∂pib
∏2
a=1 δ(kλ
a(ρ)− pia))sa˙Ya˙(ρ)] eikp¯ib˙µb˙(ρ)k4ψ1ψ2ψ3ψ4 C¯ ′0
VG′
C ′(ρ) = i
∫
dk k
∏2
a=1 δ(kλ
a(ρ)− pia)
× [k−1sa˙∂µa˙(ρ)− sa˙µa˙(ρ)s¯a∂λa(ρ)] eikp¯ib˙µb˙(ρ)C ′0
e′−2(ρ) = i
∫
dk k
∏2
a=1 δ(kλ
a(ρ)− pia)
× [k−1sa˙∂µa˙(ρ)− sa˙µa˙(ρ)s¯a∂λa(ρ)] eikp¯ib˙µb˙(ρ) k4ψ1ψ2ψ3ψ4 e′−2
VΦ
AA1 (ρ) =
∫
dk k−1
∏2
a=1 δ(kλ
a(ρ)− pia)eikp¯ib˙µb˙(ρ) A1 JA(ρ)
AA−1(ρ) =
∫
dk k−1
∏2
a=1 δ(kλ
a(ρ)− pia)eikp¯ib˙µb˙(ρ)k4ψ1ψ2ψ3ψ4A−1 JA(ρ)
Table C.1: A subset of the vertex operators: conformal gravitons, scalars and gluons
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